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Profound things happen when one human being lets 
another human being know that their voice matters. 
For students, the more they feel their voice is heard, the 
greater their opportunity to learn. These sentiments 
were the driving force for the project team that created 
the prototype for the 5 Practices Pathfinder, a teacher-
facing app designed to support the implementation 
of the 5 Practices for Orchestrating Productive 
Mathematics Discussions (Smith & Stein, 2011).

The 5 Practices encourage teachers to set a learning 
goal and choose a high-level mathematical task that 
aligns with the goal, Anticipate student strategies, 
Monitor as students work in groups, Select and 
Sequence strategies in a coherent manner, and facilitate 
a discussion to Connect the strategies and ideas in a 
way that helps students understand the mathematics. 

As a pedagogical strategy for supporting student 
voice, the 5 Practices are well-regarded in the world 
of mathematics education as being beneficial for all 
students. Student discourse and increased accountable 
student talk have been shown to build conceptual 
understanding in mathematics (Resnick, 1999; 
Walshaw & Anthony, 2008) and the 5 Practices book 
is the National Council of Teachers of Mathematics’ 
bestselling book (NCTM, 2020).

When it comes to implementation, however, teachers 
experience challenges using the 5 Practices in their 
classrooms (Smith & Sherin, 2019). These challenges 
can specifically affect Black and Latinx students, who 
are disproportionately more likely than white students 
to attend mathematics classrooms that have fewer 
opportunities for rich mathematical discourse and are 
more likely than white students to engage in learning 
that is rote-oriented and remedial (Delpit, 2012; 
Noguera, Darling-Hammond, & Friedlaender, 2015; 
TNTP, 2018). At the same time, research has shown that 
these priority students1 benefit from discourse-focused 
mathematics instruction, but that these assets are  
 
1	 The project team chooses to call Black and Latinx students “priority 

students” over other wording commonly used such as “minority students,” 
“underrepresented students,” or “underachieving students,” as such labels 
systemically denote a hierarchical structure in which this population of 
students find themselves on the bottom.

currently under-leveraged in most classrooms (Archer, 
1993; Darragh, 2016; Gray, Hope, & Matthews, 2018).

Through conversations with 5 Practices creator 
Margaret (Peg) Smith and colleagues, Amplify learned 
that there has been academic and professional 
interest in developing a digital solution for supporting 
and streamlining teachers’ use of the 5 Practices in 
the hopes of overcoming these challenges. Through a 
partnership with the Bill & Melinda Gates Foundation, 
the project team set out to create a proof of concept 
prototype that a digital tool could meet the unique 
needs of teachers of both priority student and general 
student populations in using the 5 Practices. The 
findings and conclusions of the project are those of 
the authors and do not necessarily reflect positions or 
policies of the Gates Foundation.

The result of this endeavor is the freely available 
prototype for the 5 Practices Pathfinder app, hereafter 
referred to as the prototype. This paper captures the 
structure and learnings of the project that created 
the prototype. First, the purpose of the project, 
including the problems and solution as the project 
team conceptualized them, are detailed. Second, the 
5 Practices and the associated challenges teachers 
face while implementing them are discussed. Third, 
the theories and concepts driving the prototype’s 
design are considered. Fourth, the design principles 
and process are explained. Fifth, the research 
methodology is described. Sixth, the main section 
of the paper discusses the key themes and features 
that emerged in the project and how the design of 
the prototype evolved over the course of the project. 
Last, implications and details for next steps in this 
work are shared. The project team hopes that product 
designers and managers, curriculum writers, and 
mathematics educators and supervisors find this 
information useful for their future endeavors.

https://five-practices.prod.learning.amplify.com/
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The project team hypothesized that creating a useful digital teacher-facing tool for 
the 5 Practices would increase teachers’ self-efficacy with the 5 Practices. With this 
digital teacher-facing tool, teachers of Black and Latinx students would perceive the 5 
Practices as being less challenging, and this work would benefit teachers of all students. 
The project team studied this hypothesis through the theory of Targeted Universalism 
tested with Human-Centered Design and design thinking protocols, centering the 
design of the prototype on ongoing mixed methods research with teachers of priority 
students. The key idea of Targeted Universalism is that better understanding the 
unmet needs for priority users may provide insights that improve usability and 
value-add for all, while Human-Centered Design calls for starting product design 
with understanding the needs of the users you are creating for and ensuring that the 
ongoing design process is continually based on users’ perspectives.

The six-month project for creating a proof-of-concept prototype ran from April 
to October 2020. Ongoing mixed methods research with a six-member Teacher 
Advisory Board (TAB) and advisors informed the creation of the digital solution. The 
high-quality instructional material (HQIM) and open education resource Illustrative 
Mathematics (IM) curriculum was used as a basis for the instructional materials. 
The goals of the project were to (1) create a proof-of-concept prototype of a digital 
tool that supports the implementation of the 5 Practices with the IM curriculum, (2) 
solve the top challenges teachers of priority students face while implementing the 5 
Practices, and (3) incorporate Targeted Universalism with Human-Centered Design to 
include equity in the design process.

The Problem: A Lack of Equitable Discourse

Remember your middle school mathematics class? Unless you were one of the lucky 
ones, most of us sat in tidy rows listening to the teacher talking, possibly thinking, 
“Wouldn’t this be easier if I could somehow take all of the teacher’s knowledge and 
just put it in my brain?” It was hard to realize then, but looking back, this thought 
would have been a manifestation of a mathematics classroom where it’s the job of 
teachers to lecture and students to take notes—where students are seen as empty 
vessels into which teachers pour knowledge. However, research states this is not 
predominantly how people learn (Adams, 2006; Powell & Kalina, 2009).

SECTION I | PURPOSE
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SECTION I I | THE PRACTICES AND CHALLENGES

The 5 Practices are ideal for facilitating high quality student discourse because it 
is a deliberate pedagogical structure and set of strategies for enabling teachers to 
move from models of teaching where the teacher is center stage, such as the show-
and-tell model (Stein, Engle, Smith, & Hughes, 2013) or the see-this-do-that model 
(Nank, 2011b) towards a model of teaching that centers student discourse, thought, 
and mathematical reasoning. Building mathematical discourse in students increases 
student achievement and fosters greater conceptual understanding (Gresham & 
Shannon, 2017). If every lesson, regardless of the instructional approach taken, 
incorporated at the very least Anticipating student thinking and Monitoring for such 
thinking, classrooms would be more student-centered, elevating the value of every 
students’ voice.

The 19 Challenges

Setting Goals & Selecting a Task, Anticipating, Monitoring, Selecting, Sequencing, and 
Connecting can be intimidating for teachers. What if I Anticipate a strategy students do 
not use? What if I misinterpret a strategy while Monitoring? What if I Select the “wrong” 
group? What if my Sequence does not exactly capture the increasing sophistication of 
the ways students approached the task? What if I do not Connect all of the students’ 
ideas in a coherent manner, thus leaving the students confused and frustrated? These 
are only a small selection of the worries a teacher may face when using the 5 Practices 
to support student discourse. 

The complexity of supporting student discourse is explained in the theory of 
accountable talk. Resnick (1999) states that accountable talk in classrooms embodies 
the belief that to sustain learning, discourse in classrooms should embrace evidence 
and vocabulary that are relevant to the subject matter while embracing socially 
negotiated and established norms of reasoning and communication. When this 
occurs, socializing intelligence reinforces expectations for the students and the 
teacher to expect all to take responsibility for their roles in teaching and learning.

Seeing that the complexity of a rich pedagogical undertaking such as mathematics 
discourse can be daunting (NCTM, 2014), Smith and Sherin (2019), with collaboration 
from Victoria Bill and Michael D. Steele and based on the group’s collective experiences 
in working with teachers and the 5 Practices for the past decade, identified 19 
Challenges teachers may encounter while implementing the 5 Practices in a classroom 
setting. These 19 Challenges impact every student’s ability to learn mathematics with 
understanding. The 19 Challenges are detailed in Table 1.
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SECTION I I | THE PRACTICES AND CHALLENGES

Table 1: The 19 Challenges

0. Setting Goals and Selecting a Task

1 Identifying learning goals Goal needs to focus on what students will learn as a result of engaging in 
the task, not on what students will do. Clarity on goals sets the stage for 
everything else (p. 21).

2 Identifying a doing-mathematics task While doing-mathematics tasks provide the greatest opportunities for 
student learning, they are not readily available in some textbooks. Teachers 
may need to adapt an existing task, find a task in another resource, or 
create a task (p. 21).

3 Ensuring alignment between task  
and goals

Even with learning goals specified, teachers may select a task that does not 
allow students to make progress on those particular goals (p. 21).

4 Launching a task to ensure  
student access

Teachers need to provide access to the context and the mathematics in the 
launch but not so much that the mathematical demands are reduced and 
key ideas are given away (p. 21).

1. Anticipating Student Responses

5 Moving beyond the way you solve  
a problem

Teachers often feel limited by their own experiences. They know how 
to solve a task but may not have access to the array of strategies that 
students are likely to use (p. 48).

6 Being prepared to help students who 
cannot get started on a task

Teachers need to be prepared to provide support to students who do not 
know how to begin work on the task so that they can make progress without 
being told exactly what to do and how (p. 48).

7 Creating questions that move students 
toward the mathematical goals

The questions teachers ask need to be driven by the mathematical goals of 
the lesson. The focus needs to be on ensuring that students understand the 
key mathematical ideas, not just on producing a solution to the task (p. 48).
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SECTION I I I | THEORETICAL AND CONCEPTUAL FRAMEWORKS

The project team integrated the theory of Targeted Universalism and the construct of 
Human-Centered Design, using the iterative process of design thinking to continuously 
empathize, define, ideate, prototype, and test to understand the barriers and lack of 
opportunities teachers of priority students face and to develop targeted strategies 
that would theoretically support both priority students and all students in overcoming 
those barriers. The model for using Human-Centered Design to support Targeted 
Universalism is as such:

Figure 5: Targeted Universalism. Gates, IDEO, & Bellwether (2020)

In such a model, research focuses on the experiences and unmet needs of marginal 
and non-users (often called “extreme users”)—both students and the teachers  
who serve them. The process we created to conduct this research is detailed in  
the next section.
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SECTION IV

Design Process

As the painter Gustave Flaubert said, “Be regular and orderly in your life, so that you 
may be violent and original in your work” (Winock, 2016). We’re not so sure about 
the violence; however, borrowing Flaubert’s sentiment, the project team found that 
it was important, with such a complicated project, to build a design process that 
allowed the team to put their energy towards thinking creatively about the task 
at hand rather than spending time thinking creatively about the process that was 
supposed to elicit creativity. 

A Targeted Universalist hypothesis needing to be rapidly tested through the 
construct of Human-Centered Design called for a unique, yet regular and orderly, 
set of processes to be developed for this project. Complicating the research and 
learning-focused design thinking process was the project’s primary deliverable: 
a working prototype. Therefore, engineering development needed to happen at 
nearly the same time as design. The project team used a combination of the Google 
Ventures Sprint protocols (Knapp, Zeratsky, & Kowitz, 2016) with Agile Scrum 
development framework protocols (Schwaber & Sutherland, 2018) to create an 
evolution of Human-Centered design: seven two-week iterative design sprints 
incorporating targeted user feedback, each followed by a two-week development 
sprint building and developing what had emerged from the design sprints as 
strongly meeting users’ needs. In true educator fashion, the project team borrowed 
from existing structures and combined them to make something that would work 
well for this project. In the case of iterative design, we would augment Flaubert’s 
quote to say, “Be regular and orderly in your sprints, so that you can be creative and 
original in your deliverables.”
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Figure 8: Empathy map for a Teacher Advisory Board member

Sketching

Once the target for the sprint was planned, the project team moved into sketching, 
which Knapp et al. (2016) considers “the easiest and fastest way to transform 
abstract ideas into concrete solutions” (p.107). Rather than try to all sketch together, 
a recipe for mediocrity and groupthink, the project team sketched independently and 
then shared ideas, as seen in Figure 9. Reviewing key information, doodling rough 
solutions, trying rapid variations, and finally putting together a solution sketch with 
details that would be shared valued every person’s unique perspectives and ideas, 
providing equality of voice and perspectives to better shape the prototype (Knapp, et 
al., 2016).

Deciding

Deciding involved taking all of the different solutions the project team proposed, 
noting interesting parts, speed critiquing standout ideas, and voting on what should be 
prototyped in the current sprint (Knapp, et al., 2016). Voting was an equitable method 
for valuing every team member’s voice and can be seen via the dots in Figure 9.

SECTION IV | DESIGN PROCESS























Research Project - Finding a Path for Equitable Mathematical Student Discourse  |  34

SECTION V | RESEARCH METHODOLOGY AND RESULTS

These were the challenges the project team therefore focused on as these challenges 
were identified as being the largest barriers by teachers of priority students as well as 
by teachers of the general student population.

Phase Three

At the conclusion of the project the 5 Practices Survey was re-administered to the 
TAB to assess which of the initial challenges were ameliorated at follow-up as a result 
of the prototype. Due to TAB members not being present in their classrooms because 
of the COVID-19 pandemic, TAB members were instructed to rate the items based on 
the anticipated level of challenge if they were using the Pathfinder prototype in the 
context of post-pandemic, in-person classroom instruction.

At follow-up, the majority of challenges were no longer a moderate or major 
challenge for three or more TAB members; two challenges remained a moderate 
or major challenge for three or more TAB members: moving forward when a key 
strategy is not produced by students and running out of time. Figure 5 shows the 
number of moderate and major ratings at baseline and at follow-up for each of the 
target challenges.

Table 5: Number of moderate and major ratings at baseline and at follow-up

Practice Challenge Baseline Followup

2 C9 4 0

2 C10 4 0

3/4 C13 4 2

3/4 C14 4 3

3/4 C15 3 0

5 C16 3 1

5 C18 4 1

5 C19 5 5
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SECTION V | RESEARCH METHODOLOGY AND RESULTS

In addition to re-administering the 5 Practices survey at the close of the project, the 
team developed an additional post-survey based on the Technology Acceptance 
Model (TAM) (Davis, 1989) to measure the perceived usefulness of the prototype. 
Due to the COVID-19 pandemic, the opportunity for users to test the prototype 
in classrooms did not come to fruition. As a result, perception and intention were 
measured, instead of actual use. According to Davis, user acceptance of a technology 
or system is related to the perceived usefulness and perceived ease of use of the 
system (Davis, 1989; Davis, Bagozzi, & Warshaw, 1989). Davis developed a TAM scale 
that consisted of six items to measure perceived usefulness (Cronbach alpha = 0.98) 
and six items to measure perceived ease of use (Cronbach alpha = 0.94). This scale 
has been widely used and adapted for research on a variety of technological systems 
(Hess, McNab, & Basoflu, 2014).

The post-survey measured the perceived usefulness of different features of the 
prototype. Perceived ease of use items were not included because feedback obtained 
during survey pretesting with Amplify mathematics curriculum developers indicated 
that respondents had difficulty rating the ease of use of features due to COVID-19 
restrictions disallowing use in the classroom. Excluding ease of use items was 
not deemed to be problematic because Davis (1989) found that actual usage of a 
technology or system was more strongly predicted by perceived usefulness (p < .001) 
than by ease of use.

Figure 11 lists the six perceived usefulness items adapted from the TAM scale. Each 
item was scored on a seven-point scale, with 1 = strongly disagree, 2 = moderately 
disagree, 3 = slightly disagree, 4 = neither disagree nor agree, 5 = slightly agree, 6 
= moderately agree, and 7 = strongly agree. Because the six items were replicated 
for each feature, the final survey consisted of seven six-item scales on perceived 
usefulness. Open-ended items were also included.

Figure 11: Perceived usefulness items in the post-survey for each feature

To what extent do you disagree or agree with the following statements about the 
usefulness of the _____ feature (i.e., the degree to which this feature supports your 
teaching with the 5 Practices)?

1.	 The _____ feature will enable me to teach with the 5 Practices more quickly.
2.	 Using the _____ feature will improve my teaching with the 5 Practices.
3.	 Using the _____ feature will increase my productivity when teaching with the 5 

Practices.
4.	 Using the _____ feature will enhance my effectiveness when teaching with the 5 

Practices.
5.	 Using the _____ feature will make teaching with the 5 Practices easier.
6.	 Overall, I find the _____ feature useful for teaching with the 5 Practices.
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SECTION V | RESEARCH METHODOLOGY AND RESULTS

The post-survey was administered to the six TAB members and to a larger sample 
of middle school mathematics teachers who are currently teaching or have taught 
within the last three years and who were not restricted based on the make-up of 
their student populations. Because the prototype was designed with Targeted 
Universalism in mind, the project team expected that data from the larger sample 
would provide insight into the universal benefits of the prototype.

Of the N = 41 teachers who expressed interest in providing feedback on the 
prototype, 24 completed the survey, for a response rate for the larger sample survey 
of 58%. Half of the teachers who completed the survey teach majority (i.e., more than 
50%) White students (n = 12) while one-third teach majority priority students (n=8). 
The rest teach a diverse student population with no clear majority (n = 4).

Table 6: Summary statistics of scale scores for each feature from TAB members and from the larger sample  
of teachers

TAB (N = 6) Larger Sample of Teachers (N = 24)

Majority Priority Students Majority Priority Students  
(n = 8)

Not Majority Priority Students 
(n = 16)

Feature Mean (SD) [Min, Max] Mean (SD) [Min, Max] Mean (SD) [Min, Max]

Helpful Hints 5.226 (1.49) [1,7] 6.482 (0.71) [5,7] 5.616 (1.07) [2,7]

Key Ideas 6.392 (1.05) [3,7] 5.855 (1.22) [2,7] 5.635 (1.17) [2,7]

Interactions 5.725 (1.54) [3,7] 5.526 (1.60) [1,7] 4.907 (1.53) [1,7]

Who’s Recently 
Presented

6.193 (0.95) [3,7] 5.197 (1.99) [1,7] 5.654 (1.42) [2,7]

Student Work 
Photo

5.177 (1.28) [3,7] 6.133 (1.23) [1,7] 5.972 (1.17) [2,7]

Anticipating 6.441 (0.91) [3,7] 6.811 (0.39) [6,7] 6.271 (1.07) [3,7]

Selecting and 
Sequencing

6.064 (1.17) [4,7] 6.134 (0.82) [5,7] 5.843 (1.46) [2,7]

Note: Shading indicates the highest and lowest mean scale scores. Superscripted numbers indicate  
the order of mean scale scores, from 1 = highest to 7 = lowest.
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SECTION V | RESEARCH METHODOLOGY AND RESULTS

Final quantitative analysis showed that all the features received favorable (above 
neutral=4) ratings, with mean scale scores of 5.17 to 6.44 from the TAB, 5.19 to 6.81 
from teachers with majority Black and/or Latinx students, and 4.90 to 6.27 from 
teachers who do not teach majority Black and/or Latinx students.

Qualitative Data Collection and Analysis

The primary method of qualitative research was semi-structured interviews. Each 
interview was one hour in duration, was recorded, and took place over virtual 
web-based meetings. All interviews were conducted with individuals, with the 
exception of having our two advisors Smith and Steele interview together. From the 
project team, there were always at least two people on each interview, one as an 
interviewer and one as a notetaker. Whenever possible, others on the team would 
join interviews to listen. While interviewing, only the interviewer and interviewee had 
their cameras on and were unmuted. 

The qualitative interview process also afforded the opportunity to listen for and 
inquire about the perceptions of the teachers about the effect the prototype could 
have on their ability to support their priority students. Whenever possible, the 
implicit bias expert of the team attended interviews to specifically monitor for 
biases when TAB members were answering questions and exploring the prototype.

Phase One

Initial qualitative data consisted primarily of pre-semi-structured interviews 
with TAB members and advisors. For the initial interviews, qualitative data were 
hand-coded with a two person interrater reliability protocol (Armstrong, Gosling, 
Weinman, & Marteau, 1997; Belotto, 2018). Two researchers individually transcribed 
and coded each interview and met to compare coding of data via spreadsheets, 
discuss similarities, address discrepancies, and adjust accordingly for the next 
round of coding.
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SECTION V | RESEARCH METHODOLOGY AND RESULTS

Incorporated into some of the questions was an eye toward identifying implicit 
biases. For example, the questions about advantages and challenges associated 
with implementing the 5 Practices were formulated partly to understand what the 
question explicitly asks; attention was also paid to the answers the TAB members 
provided with an access, equity, and social justice lens. The implicit bias expert of the 
project team looked over the qualitative data, especially with questions such as these, 
to identify if someone categorized the advantages or challenges as being specific to a 
gender or ethnicity. This was partly to better understand the TAB members and also 
to ensure suggestions that influenced the prototype were screened for implicit bias. 
For example, if someone said that something in the prototype would help priority 
students, white students, or tagged their response with a gender-specific caveat, 
the project team needed to know this in order to disallow potential implicit bias from 
filtering into the design.

Table 8: Examples of questions from the TAB qualitative pre-interviews

Category Target Question

Broad Behavioral beliefs Tell us briefly about your experiences with the 5Ps.

Broad 5 Practices What do you see as the advantages to implementing the 5Ps in 
your classroom?

Broad 5 Practices What are some challenges associated with implementing the 5P's 
in a classroom? Why is that a challenge?

Questions targeting 
individual 5P's

Practice 0 & Anticipating When preparing to teach a lesson using the 5 P's structure, what 
do you do?

Questions targeting 
individual 5P's

Monitoring How do you evaluate student comprehension of the mathematical 
concepts housed within the lesson?

Prototype Are there any features that you think will be critical for the 
successful use of a 5Ps app within a classroom environment?
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Table 10 (continued)

Type of 
question

Survey-
independent

Prompt Question

As we developed the app, four themes emerged: supporting 
pedagogy, supporting equity, saving teachers time, and 
enabling teacher superpowers. Let's start with supporting 
pedagogy. Supporting pedagogy is really about helping 
teachers use productive 5 Practices teaching practices.

Does the app support pedagogy? How?

Next let's talk about how the app supports equity. Our goal 
was to raise awareness around equity by helping teachers 
engage with all students within the classroom.

Does the app support equity? How?

As you know, this was a fast-paced project with the goal of 
developing a prototype. We accomplished a lot in a short 
period of time, but there is so much more than can be done. 
I'd like you to shift gears for a moment and share thoughts on 
additional features that are NOT currently included in the app, 
but that you think would be important additions. 

(If time) Are there additional features 
that you think should be included to 
support [name of theme]?

SECTION V | RESEARCH METHODOLOGY AND RESULTS

The post-interviews served multiple purposes. The interviews helped to frame 
the project team’s understanding of how well Targeted Universalism with Human-
Centered Design worked as well as gauge, as best as possible, how teachers might 
have used the prototype had they been in classrooms if COVID-19 never occurred. 
On a practical level, it also helped to collect data and frame the next steps for 
the prototype. The post-interviews also afforded an opportunity to learn the TAB 
members’ perspectives while understanding the meaning they made overarchingly of 
the prototype.

The intention of the bi-weekly and post-synthesis of qualitative data coupled with the 
quantitative data were to understand the meaning of the 5 Practices and iterations of 
the prototype from the participants’ point of view (Erickson, 1986; Geertz, 1973) while 
quantitatively prioritizing themes and features and gauging the TAB members’ view 
of the prototype from multiple lenses. The quantitative data were critically important 
in conceptualizing initial iterations and deciding through the identification of design 
themes and features what to prioritize. Human-Centered Design would not have been 
possible without the qualitative data. No one set of data were more or less useful, but 
instead both had equal status in understanding users’ needs.
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SECTION VI

Design Themes and Features

As the project team embarked on the design process to create the prototype, 
they followed the needs the users expressed, and as such engaged in a non-linear 
creation process. In this sense, this paper cannot point to one day, one time, 
one moment that definitively elicited the major themes that emerged from the 
development of the prototype. Across the course of the project, individually and 
collectively held ideas for what the prototype may look like, what content could be 
housed in the prototype, how it could be presented to users, and what the most 
important features would be emerged, were tested and evolved. Four major themes 
emerged from the iterative feedback:

1.	 Support Equity: Help teachers to engage with all students in the classroom

2.	 Support Pedagogy and Curricula: Help teachers use productive 5  
Practices approaches

3.	 Save Teachers Time: Maximize in-classroom interactions and practices

4.	 Enable Teacher Superpowers: Make it possible for teachers do things they  
could not do before

As the work started on the prototype, the project team utilized the Phase One 
research to inform the work of Sprint A. Once Phase Two started and the team 
began to receive feedback on iterative ideas, these themes began to take shape. 
The themes were named and defined at the end of Sprint B, creating a roadmap 
for the features that needed to be created to enable teachers to overcome their 
barriers with the 5 Practices. In each sprint, the team checked understanding of 
these four themes against the feedback being received to ensure the themes were 
still accurate. In addition, the quantitative data from Phase One were consistently 
used to help the team make decisions about what to focus on when multiple 
options presented themselves.
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SECTION VI | DESIGN THEMES AND FEATURES

Figure 14: Image for high-level task used in interactive prototyping

For the sake of ease of prototyping and testing, the project team used one high-
level task throughout the entire design sprint process, which is seen in the figures 
throughout this section, creating content for the remaining nine lessons of the sprint 
at the conclusion of the final prototype for the prototype. See Appendix C for the 
content used for all 10 lessons. The task was an eighth-grade Illustrative Mathematics 
problem involving using scale factors to find the length of similar triangles, chosen 
since all TAB members currently taught grade eight mathematics and the team felt 
it would not face any content knowledge deficits on the part of the TAB members 
that could impede feedback. The problem states, “Triangles ABC, EFD and GHI are all 
similar. The side lengths of the triangles all have the same units. Find the unknown 
side lengths” (Illustrative Mathematics, 2020).

Human-Centered Design was essential for the evolution of the themes and features. 
In terms of design, it is important to listen to where the data, the people, and the 
iterations take you. Covert and overt hints were strewn throughout the design 
process and it was in listening to these points the team allowed sprints to go where 
they needed to at each point in the process. This section will trace the iterative design 
process for several select features across the four main themes.
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SECTION VI | DESIGN THEMES AND FEATURES

Theme 1: Support Equity: Help teachers to engage with all 
students in the classroom

Equity was a natural important theme to emerge for the project, due to the project’s 
focus on priority students—the 5 Practices should facilitate not just discussions in 
mathematics classrooms but in particular equitable discussions. It was clear from 
the Phase One data that a large number of the challenges teachers of both priority 
students and all students faced were related to the struggle to facilitate equitable 
discussions. This theme was also distinct from the others and from traditional Human-
Centered Design because in this theme the project team felt that they could not listen 
to only user feedback—due to the danger that the team could build inequities and 
bias into the app—but also needed to balance user feedback with research into best 
practices for equity in mathematics classrooms. The paper will highlight three features 
in particular that emerged from this combination of user feedback and academic 
research: (1) Interactions, (2) Who’s Recently Presented, and (3) Student Work Photos.

(1) Interactions

Have you ever used a word that just does not fit? You cannot put your finger on it, 
there is nothing wrong per se with the word; it just does not exactly point in the right 
direction. The Interactions feature of the prototype suffered from this problem for 
quite some time in the design process when it initially began its life as “Engagement.” 
Starting in Phase One, there were many quantitative and qualitative data points 
that told the project team that a feature that had something to do with student 
engagement and participation would solve challenges many teachers experienced. 
But engagement turned out to not quite embody the need to be solved.

During the initial TAB interviews, Nia4 said, “I think with this, with the five practices, 
it might give me more leeway on getting those kids who are really, really struggling” 
(Pre-Interview, 6/3/2020). This comment brought two things front and center to  
the conversations about the prototype. The first is “those kids”—which was an  
input to the team in recognizing the danger of creating an implicit categorization  
of certain students who struggle. The second aspect is that it is hard to bring 
students who may not cognitively understand the mathematical activity  
immediately into the conversation.

4	 All TAB member names are pseudonyms.
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Another TAB member, Iris, said she had been wanting 
to try something she had heard at a conference where 
a speaker talked about tracking “the way conversations 
were occurring at a table … was it a comment, was it 
a correct comment … something that adds some kind 
of qualitative measure of what that contribution was 
to the conversation …” (Pre-Interview, 6/2/2020). 
Shannon also suggested that, “Progress monitoring 
tracking for like every student … or groups of students 
… because that’s been my professional growth plan for 
the last two years is working on progress monitoring 
and like monitoring every student” (Pre-Interview, 
6/2/2020).

All six TAB members talked during the pre-interview 
specifically about how the prototype would help them 
if there was a component that would enable teachers 
to track student participation and would remind the 
teacher of who has spoken and who has not spoken. 
Quantitatively, four of the six TAB members denoted 
challenge #9, “Keeping track of group progress —which 
groups you visited and what you left them to work on” 
(Smith & Sherin, 2019) during the Monitoring practice 
as a challenge. 

These data convinced the project team that this was an 
important need to focus on solving. During Sprint A, the 
team started designing with the Monitoring practice, 
initially assuming due to the number of challenges 
present in this practice that this is where the prototype 
would thrive. The assumption based on the initial data 
was that Monitoring afforded the greatest opportunity 
to help teachers implement the 5 Practices. During 
Sprint A, Interactions started with what the project 
team referred to originally as a “strength icon” that 
would show up if a teacher marked a student as not 
“participating.” In figure 15, notice Sandra and Nicky 
have these icons.

Figure 15: Initial concept for engagement from Sprint A
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With the interaction feature, the teacher could click on students’ initials in the 
prototype, checking off who was interacting at different times while taking notes 
for the particular student. Teachers then would have data for interactions in group 
settings, while the group is presenting, and while the whole class is engaged in 
discourse. This embraces the assumption related to the theory of Definition of the 
Situation (Bellack, 1978; Lauer & Handel, 1977; Nank, 2011b; Waller, 1961) in that 
people act differently depending on the context. Students may interact more or 
less given the milieu of individual, group, whole class discussion, or while presenting 
a strategy to the class. One consideration the project team took in creating the 
interaction feature is that any teacher, or person in general, would likely not respond 
favorably if you were to point directly to their implicit bias. If the prototype informed 
the teacher in the middle of a classroom setting that they were neglecting the 
Black girls in the classroom, the possibility exists for the teacher to stop using 
the prototype. Instead of directly pointing out that the teacher is ignoring certain 
students or groups, the prototype tells the teacher that a student or group has not 
interacted in a while and encourages the teacher to be inclusive in regard to the 
student or group.

(2) Who Has Recently Presented

Individual student interactions are critically important in mathematics classrooms. 
So too are group interactions and opportunities. The Who Has Recently Presented 
feature aims to highlight that importance, as well as to support teachers’ struggles 
with deciding what work to share during Selecting, Sequencing, and Connecting. 
The project team heard early on in the sprint process that this decision point was a 
make-or-break moment for the use of the 5 Practices in the classroom and that the 
teachers were interested in tracking students who have presented. This was even an 
exciting feature observed in several paper-and-pencil Monitoring tools, although the 
majority of the TAB expressed that this was too difficult to do with consistency. Deja 
shared, “I just can’t carry around a stack of papers” (Pre-Interview, 6/3/2020). 

The project team studied how teachers currently decide who to ask to share in order 
to fully understand why this is a barrier to equitable student discourse. TAB member 
Nia stated, “So more times I will choose somebody that you know, is on the right path. 
So something that’s correct first” (Pre-Interview, 6/3/2020). Other TAB members 
concurred. Guillermo said, “I go to the group to share that has completed the strategy 
that aligns with my planning ... when I wrap it up, it becomes, ‘which strategy should 
we have used?’ which is not the right way to teach math” (Pre-Interview, 6/3/2020). 
This told the project team that equality of opportunity may not be the indicator for 
the teacher for who to ask to present, but rather the ability to come to a correct 
solution. Hence, the project team thought it important to track with the prototype 
who has presented to monitor for equality of voice.
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Deja alluded to different facets of engagement when 
she stated, “Now this is interesting. So there are 
certain students who are showing less engagement 
in group settings. I’m going to assume that’s a small 
group setting, not a whole group?” (Sprint E Interview, 
8/19/2020). Guillermo said, “So you have your kids 
that have low engagement with the class, but then I 
like the differentiations of the engagements because 
not every kid is going to share out in the whole class 
discussion, but they might be engaged with their group 
or with the math” (Sprint E Interview, 8/19/2020). This 
spoke to the need for the prototype to possibly present 
different types of engagement, including individual, 
group, and whole class engagement. However, this level 
of detail proved too complicated for the TAB members 
to imagine themselves using in the middle of a busy 
classroom. Nia shared, “It’s just too many different 
things to think about when I’m with the kids” (Sprint E 
Interview, 8/19/2020). So during Sprint G, the team 
settled on a simple way to integrate group interactions 
with a different yellow symbol to denote groups that 
had not presented in the past two weeks.

Figure 20: The final iteration, showing information about a group’s 
history of presenting
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Theme 2: Support Pedagogy 
and Curricula: Help teachers use 
productive 5 Practices approaches

At the core of the second theme is the realization 
that there are many moments when a teacher asks 
themself, “Am I doing this well or am I blowing it?” 
The benefit in asking such a reflective question is that 
teachers can begin learning how to do and be better. 
The detriment is that the answer might be, “No, I am 
not doing this well, so I need to never do it again.” 
There are many decision points teachers experience 
while using the 5 Practices—and every one of these 
points affords an opportunity for teachers to take the 
path of never doing it again. 

One of the broadest trends in the pre-interviews in 
Phase One was a sense about the 5 Practices of, 
“it’s wonderful but …” followed by a reiteration of the 
different challenges and barriers. This sentiment was 
the basis for the theme of Supporting Pedagogy and 
Curricula as there is a learning curve and teachers need 
to be supported while embracing a growth mindset 
(Boaler, 2016; Dweck, 2006) as they learn how to 
facilitate equitable discourse through the 5 Practices. 
This section provides insights on two features: (1) 
Helpful Hints and (2) Key Ideas, which are designed 
to support teachers in overcoming barriers and work 
through these pivotal and transformative moments in 
the classroom.

(1) Helpful Hints

Helpful hints are meant to help teachers enact the 
5 Practices with fast on-the-spot, in-the-moment 
assistance at key decision-making points. Their content 
helps teachers learn about the 5 Practices and how 
to effectively implement them, providing support 
at the main teacher decision points throughout the 
5 Practices, including information to help teachers 
understand the mathematics of the task at hand.

Figure 23: A helpful hint
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Helpful hints were iterated further in Sprint D in thinking 
about how to provide collaboration opportunities for 
teachers via the prototype. Although this capability 
did not come to fruition due to time constraints, it is a 
possibility for future iterations of the prototype. This 
specific helpful hint anonymously tracks how many 
teachers choose specific strategies and helps teachers 
move beyond the way they solve a problem, one of the 
main challenges for our teachers of priority students.

TAB members consistently perceived the helpful hints 
as being useful. Iris said, “That hint is very powerful. I 
think about pods of students when Monitoring. When 
I am trying to be the best teacher-version of myself 
and I try to monitor for equity, that helps remind me of 
that” (Sprint G Interview, 9/16/2020). Shannon shared 
in the final interview “I don’t want the hints to help me 
speed it up, I want it to help me implement with fidelity, 
the best instruction with the 5 Practices, not say, ‘come 
on, let’s go,’ other parts in the app are for making it go 
quicker, and the hints are not that and I’m okay with 
that” (Post-Interview, 10/7/2020).

Figure 25:A helpful hint
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(2) Key Ideas

Key ideas similarly support teachers’ acquisition of 
pedagogical and content strategies for overcoming 
their challenges. Key ideas is another iteration within 
the prototype to help teachers choose to stick with the 
5 Practices when they experience that critical decision 
point to embrace the complexity of student-centered 
high quality discourse in the classroom or default to 
less meaningful and less collaborative pedagogy. Unlike 
the helpful hints that appear during class time at point-
of-use, key ideas are a bit longer and more in-depth 
and appear only in the Anticipating section as they are 
meant to be read and understood while the teacher is 
planning their lesson. 

The key ideas section was first presented for feedback 
during Sprint E. The key ideas icon is not a link 
but instead operates as a signpost for the user to 
realize the text is important in order to understand 
the pedagogy and content woven throughout the 
5 Practices and, hence, the prototype. In Sprint E, 
the key ideas feature was first used to denote the 
difference between different questioning strategies 
teachers can use to help involve all students, one of 
the top challenges faced by TAB members.

Figure 26: Key Ideas about Questions



Research Project - Finding a Path for Equitable Mathematical Student Discourse  |  66

SECTION VI | DESIGN THEMES AND FEATURES

Also in Sprint E, teachers got to experience using a 
key ideas section to understand the different types of 
strategies students may take while working on a high-
level task: Productive Approaches and Points of Growth.

Talking about key ideas, Nia shared, “I like the fact 
that the information is all in one place. I can’t stress 
that enough. I usually have five books in front of me 
and I can’t remember where I put them. I like that it 
has everything in one spot. It’s just toggling [to] what 
comes next” (Sprint E interview, 8/19/2020). Based 
on the solid feedback for key ideas, this feature stayed 
consistent in the prototype. The helpful hints and key 
ideas are meant to help the user make sense of the 
mathematical knowledge, curricular philosophy, and 
pedagogical moves baked into the prototype, helping 
teachers overcome their challenges to engaging in the 
5 Practices.

Figure 27: Key Ideas about Points of Growth



Research Project - Finding a Path for Equitable Mathematical Student Discourse  |  67

SECTION VI | DESIGN THEMES AND FEATURES

Theme 3: Save Teachers Time: Maximize in-classroom 
interactions and practices

Anticipating

“Teachers very rarely call aspects of Anticipating a challenge—but if they Anticipated, 
they wouldn’t have all the challenges they have in the other practices” (Pre-Interview, 
6/15/2020). One of our advisors told us this the very first time they met with the 
project team. At first, the team was not sure about this; users were indeed saying 
that their main challenges were during the in-classroom practices, and so the project 
team started there. But as the project team iterated ideas to support those practices, 
a problem kept coming up: teachers did not have time to process and use those 
ideas during class. The top challenge for the TAB teachers was already “Running 
out of time” before they saw any new ideas to try. For example, helping teachers 
with Challenge 15—Determining how to sequence errors, misconceptions, and/or 
incomplete solutions—seemed to be well-supported through providing an overview of 
how those points of growth connected to the learning goal of the task. TAB members 
appreciated that information. Guillermo said, “This helps me make sense of the 
math—why the strategies are what the strategies are is huge, is super helpful” (Sprint 
C feedback, 7/22/2020). At the same time, they struggled to imagine being able to 
make use of this information in the classroom. Deja said, “I just want a quick reminder 
... all of these things to me would be helpful for planning, but ... it’s a heavy cognitive 
load [during class]” (Sprint C feedback, 7/22/2020). The project team realized in 
order to save time during class, teachers needed help before class started, and so the 
prototype needed to support Anticipating.

When you picture Anticipating’s place in the 5 Practices, think of a wedding 
reception. The clothes, music, food, tables, decorations, toasts, first dance, and a 
thousand other details are packed into a small amount of time. If all goes well the 
day of the wedding, it is generally due in large part to the planning that happened 
in advance. Applying this analogy to the 5 Practices, the Monitoring, Selecting, 
Sequencing, and Connecting practices are all invited to the party but it would not 
go well if the Anticipating practice was missing. All of the work before the teacher 
is standing in front of the classroom critically influences how the lesson goes. The 
better the Anticipating practice, the more likely that high quality mathematical 
discourse will occur. If a 5 Practices lesson goes wrong, the origin usually tracks 
back to Anticipating in some way, but sometimes teachers simply run out of time to 
Anticipate, or struggle to think mathematically about all the different aspects of the 
task, such as strategies, questions, and Sequences.
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When the project team reviewed what the TAB said 
about the barriers to and important aspects of 
Anticipating, they had had a lot to say. TAB members 
Guillermo and Mark talked about the importance of 
Anticipating during their initial interviews. Guillermo 
stated that when he does Anticipate, “you’re more 
prepared for those off-the-wall strategies that a kid 
might come up with because you’ve already thought 
through a lot of them. There still might be one or 
two strategies that come up that you’re like, ‘I never 
thought of doing it that way’ but [at least] you don’t 
have four or five of those” (Pre-Interview, 6/10/2020). 
Mark also talked about Anticipating when he said, “I’m 
always trying to Anticipate what the kids are gonna say. 
I’m not always good at that” (Pre-Interview, 6/3/2020). 
Mark also went on to state what other TAB members 
periodically echoed: Anticipating can be difficult and 
takes time. Further, some of the TAB members, such as 
Iris, were the only eighth grade teachers in their school 
and therefore when they engaged in Anticipating had 
to do it alone, without the perspectives and strategies 
other colleagues may have thought of.

Given the lack of top challenges in the Anticipating 
practice, the first time the project team included 
Anticipating was a very simple iteration: the teacher 
selects their task, peruses possible strategies built into 
the prototype, and continues immediately to Monitoring.

Figure 28: Anticipating in Sprint B
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During the Sprint B interviews, the project team 
specifically asked the TAB members what they 
would like to see during the Anticipating practice. 
Deja wanted to be assured that whatever was in 
the Anticipating part of the prototype would be 
available in the Monitoring part of the prototype. 
Deja said, “maybe from the Anticipating phase … 
with each strategy you would kind of hope to see 
it again or expect to see it again to help you make 
those decisions” (7/8/2020). Deja also noted that 
Sequences would be nice to have in the Anticipating 
part of the prototype stating, “And perhaps these 
[Sequences] might be Sequences that you’ve already 
seen in the Anticipate phase … you know, things that 
the prototype had already suggested that you had 
seen in the Anticipating phase and then it’s taking that 
and kind of grouping or sequencing your groups based 
on that” (7/8/2020).

Nia suggested, “Okay, what would I hope to see if I 
scroll down to ‘no strategy selected,’ what would I 
hope to find there in terms of information? Probably 
Anticipated strategies I can probably use … So 
perhaps in your Anticipation prep, you’ve seen that …. 
I would like to Sequence the strategy in [Anticipating] 
somewhere” (Sprint B Interview, 7/8/2020). 

Mark, Iris, and Guillermo all spoke of the importance of 
the Anticipating practice for informing and making easier 
the Monitoring, Selecting, and Sequencing practices, 
specifically pointing to the importance of Anticipating 
how strategies will be potentially Sequenced in the 
classroom. Because of this, Anticipating was iterated 
in Sprint D with the addition of more in-depth strategy 
overviews, relations between the strategies and  
the learning goal, suggested Sequences, and  
questioning strategies.

Figure 29: Information about a strategy provided during Anticipating
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During the Sprint D interview, the TAB members were encouraged to describe how 
they currently use the Anticipate practice to ready themselves for the classroom 
without the app. Shannon described aspects of Anticipating as, “We [eighth-grade 
teacher team] weren’t going through possible solutions, it was more of where we 
want them to get at the end instead of coming up with all the options” (Sprint D 
Interview, 8/5/2020). Guillermo liked the possibility of the prototype providing 
strategy options in the Anticipating portion of the prototype. Guillermo stated, “So 
if there’s one [strategy] that maybe we didn’t think of, see, but it’s kind of already 
thought out for you. That’s helpful because we don’t always think the way our kids 
think even when we try to …” (Sprint D Interview, 8/5/2020). Iris also liked the 
strategies being Anticipated. She reacted positively and stated, “It looks like I can 
click on strategies to see ways that have already been Anticipated for me …Cool. So 
those are other strategies I’m noticing. I can select more than one strategy meaning 
maybe these are strategies that my students will be using, based on my work with 
them” (Sprint D Interview, 8/5/2020). 

Shannon was open to the idea of using Anticipating to Sequence the strategies as 
she said, “it’s [Anticipating, Sequencing] that’s also going to help lead the class to 
Connect the strategy to the learning goal. So it kind of reinforces ... a learning target 
for the teacher in this stage.” (Sprint D Interview, 8/5/2020). Shannon understood 
that Anticipating strategies and Sequences could help while Monitoring and 
Connecting in the classroom.

An advisor reflected further on how teachers think about Anticipating: “but they 
only think about one way to do it right. And they may not even engage in the 
tasks themselves. So they don’t actually do the task. It’s like, ‘I know how to solve 
for missing value in a proportion, I don’t need to work out this task’” (Sprint D 
Interview, 8/6/2020). 

In Sprints E and F, the project team focused on what exactly to include in Anticipating 
that TAB teachers could stick with and would set them up for success during class. 
The end result was an Anticipating section of the prototype that encourages teachers 
to interact with Productive Approaches, Points of Growth, questions6, sequences, and 
prompts for facilitating a Connection conversation. 

6	 Two types of questions were included. Assessing questions are meant to help teachers understand what students were 
thinking mathematically. Advancing questions are meant to help students attain the next level of procedural and/or 
conceptual mathematical understanding.
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During the Sprint D interview, an advisor talked about 
different types of questions, saying, ‘I think that 
you should ask any group no matter what they’ve 
done ‘can you tell me what you did?’ because I think 
that’s a lot of the information that’s in these other 
[mathematical] questions … I’ve always thought 
that question was a way of saying to the student, 
‘I care about how you’re thinking and working on 
this’” (Sprint D Interview, 8/6/2020). With the TAB 
members, the mathematically-based questions 
resonated but the advisors tended to embrace 
the more overarching questions, generally inviting 
students’ perspectives. Therefore, the project team 
decided to include both types of questions.

Reviewing questions during Anticipating can save 
teachers time during class time because it is difficult 
at best to write assessing and advancing questions, 
let alone create questions to ask in the moment. In the 
classroom, better questions facilitate stronger student 
discourse through better reflection, more student 
opportunities to talk, and better understanding of what 
students are thinking.

Figure 30: Questions to review during Anticipating
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During Sprint A, the prototype had the teachers Select 
and Sequence groups to present based on the rich data 
they collected during Monitoring.

However, the team soon realized that this moment in 
the prototype was just as overwhelming to teachers 
as Selecting and Sequencing already was, and it didn’t 
help teachers overcome their anxiety about Selecting 
and Sequencing. TAB member Mark stated, “So you 
would order, like often I would order this to be able to 
Sequence it, right? So that’s why you have the drag and 
drop. Is that helpful at this point? ... So I’m confused a 
little bit. So because right now I’m thinking of like, how 
would this help me?” (Sprint A Interview, 6/24/2020). 

This and similar feedback led the project team to 
experiment with several different iterations of Selecting 
and Sequencing. During Sprint D, the prototype let 
the teachers create a Sequence and then showed 
the teachers several suggested Sequences. The TAB 
members did not respond favorably to this iteration. 
The TAB members liked the suggested Sequence but 
felt as if they were being tested and had failed. Mark 
stated, “Instead [of me Sequencing first], I suggest 
you make this suggestion. I would find that very useful 
because I think that Sequencing is one of the harder 
things” (Sprint D Interview, 8/5/2020). Deja also 
stated, “I think it’d be nice just to have some guidance 
around what the Sequence should be taking a little 
bit of that cognitive load off of the teacher” (Sprint D 
Interview, 8/4/2020).

Figure 32: Sprint A Selecting and Sequencing
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Imagine an educational system with an expanse of classrooms filled with students 
who unequivocally know that they—their voices, their perspectives, their thoughts— 
matter. Imagine a conversation centered around mathematical discourse where 
everyone in the conversation realizes that people do and become better whenever 
they listen to others who equally listen to them. Imagine a student who hesitates for 
a moment in a classroom because they are not certain of their thought but still feels 
included and valued enough to speak the words only they could in that moment. These 
visions, above all else, are the heartbeat of the 5 Practices Pathfinder prototype. One 
cannot support students without also supporting teachers. The 5 Practices Pathfinder 
prototype is meant to facilitate equality of discourse in mathematics classrooms 
through offering teachers insights, support, and encouragement to enact a difficult 
and rewarding form of pedagogy.

Every students’ voice matters regardless of their status, gender, ethnicity, race, or 
any other identifiable characteristics that may precipitate the perpetuation of any 
“-ism” in the classroom.  Valuing some students’ mathematical discourse deprives 
many students from finding their voice and understanding of mathematics and also 
potentially deprives the world of beautifully rich and diverse mathematical thinking. 
The implications for learning if teachers are supported in using a high-quality 
pedagogical strategy like the 5 Practices coupled with consistent Monitoring for 
implicit bias run the spectrum from profound to life changing.

The iterative feedback, qualitiative semi-structured interviews, and quantitative pre- 
and post-surveys showed that teachers of both priority students and all students felt 
their challenges would be less of a barrier with the prototype and that the features in 
the prototype would be useful in their classrooms. Since COVID-19 quarantines and 
school shutdowns occurred as this project was starting, the project team focused on 
measuring how and if the choices made in the process of creating the prototype have 
the potential to impact what occurs in future in-person classrooms. In-classroom 
testing of the ideas are needed. In advance of such testing, there are several definitive 
implications from this project.

SECTION VII

Implications and Next Steps
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Conclusion

The work of ensuring that High-Quality Instructional Materials are leveraged with high 
level pedagogical strategies to achieve true equality of all students’ voices is never 
complete. In this regard, the project team views the current 5 Practices Pathfinder 
prototype as the first of many stages of iteration with profound possibilities. 
Helping teachers to Anticipate, Monitor, Select, Sequence, and Connect strategies 
in an inclusive classroom in a coherent manner while alleviating the roadblocks 
to successful implementation, especially for teachers of priority students, was 
the overarching goal of this project. Inherent in the prototype for the 5 Practices 
Pathfinder is a design which encourages equality of student voice, support at the 
most difficult points of implementation, and the ability to transform the 5 Practices 
so users can accomplish things they could not have done before. To this end, the 
work has only begun and will not be completed until all teachers are supported in the 
implementation of student-centered pedagogy and every students’ voice matters.

There are many things that contribute to students losing their voice in mathematics 
classrooms. Some of these contributors may have occurred in classrooms and 
centered on mathematics.  Other contributors live worlds away from the classroom 
and have nothing to do with mathematics but find their way into the classroom, 
flowing like water through the cracks, permeating the culture of the mathematics 
classroom.  Even with all these possibilities to stifle or create inequities in students’ 
voices, one solution remains constant: what adults in the educational system 
choose to do and, sometimes more powerfully, choose not to do , has the potential 
to permeate generations of students’ perceptions of themselves as mathematical 
thinkers. It is the project team’s goal to help teachers to help their students, to make 
it easier to incorporate a high quality pedagogical strategy, to identify and target their 
own personal implicit biases, and to see the inherent beauty in a classroom with a 
diversity of voices.
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Assessing Teachers’ Understanding of 
the 5 Practices and their Confidence in 
Applying Them to their Classrooms

Introduction

The 5 Practices Survey is a self-report measure of teachers’ perceived difficulty and 
confidence with the 5 Practices (5Ps). It was developed by Amplify and administered 
to the 5 Practices project Teacher Advisory Board (TAB) members at the start of 
the 5 Practices project to inform the initial design of the 5 Practices prototype to 
obtain baseline measures of the TAB’s self-assessment on the 5Ps. The survey was 
administered again at the end of the project to assess changes in self-assessment 
with the prototype. The survey design process is described below.

The complete survey is located at the following link and is licensed  
under CC BY-SA 4.0: https://forms.gle/LF4qzHYzkDvXkAEA8.

Research

Before developing the survey, the project team conducted a review of the research 
literature to identify factors that have been shown to explain or predict behavior, 
since the purpose of the project is to develop a prototype that could directly or 
indirectly lead to increased use of the 5Ps among math teachers. One widely used 
framework for understanding behavior is the theory of planned behavior (TPB; 
Ajzen, 1991), shown in Figure 1. TPB posits that behavior is influenced by a person’s 
intention to perform the behavior. Behavioral intention, in turn, is influenced by 
one’s attitude toward the behavior, subjective norm, and perceived behavioral 
control. Attitude is “the individual’s positive or negative evaluation of performing the 
particular behavior of interest”, subjective norm is “the person’s perception of social 
pressure to perform or not perform the behavior under consideration,” and perceived 
behavioral control is “the sense of self-efficacy or ability to perform the behavior of 
interest” (Ajzen, 2005, p. 118). According to Ajzen (n.d.),

Interventions designed to change behavior can be directed at one or more of its 
determinants: attitudes, subjective norms, or perceptions of behavioral control. 
Changes in these factors should produce changes in behavioral intentions and, 
given adequate control over the behavior, the new intentions should be carried 
out under appropriate circumstances. (p. 1)

https://creativecommons.org/licenses/by-sa/4.0/
https://forms.gle/LF4qzHYzkDvXkAEA8
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Note. The TPB model presents perceived behavioral control as a single construct. 
However, research has shown that it should be conceptualized as multidimensional. 
Trafimow, Sheeran, Conner, and Finlay (2002), for example, demonstrated that 
perceived behavioral control can be decomposed into perceived difficulty (i.e., “the 
extent to which the behaviour is perceived to be easy or difficult for the person to 
perform”) and perceived control (i.e., “the extent to which the behaviour is perceived 
to be under a person’s voluntary control”) (p. 103). Other researchers (e.g., Kraft, 
Rise, Sutton, & Roysamb, 2005; Rodgers, Conner, & Murray, 2008) have suggested 
the presence of a third dimension, perceived confidence, defined as “perceptions 
of having the ability, or being capable of performing the behaviour” (Rodgers et al., 
2008, p. 619).

TPB has been used in educational research to investigate a range of behavioral 
intentions, such as teachers’ intentions to teach environmental issues and to use 
educational technology (see Cooper, Barkatsas, & Strathdee, 2016).
 

Figure A.1. The Theory of Planned Behavior 
Source: Ajzen (2005)







https://docs.google.com/presentation/d/1PtWVeMSI6GAxHPlW6KqXcfj7sJMWLP7hQKELV5mi5_k/edit%23slide=id.g74acfdc365_0_0
https://youtu.be/OVRgH0OrQPM
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This work is licensed under CC BY-SA 4.0  

Name of Strategy Fractions  

Letter of Strategy C 

Color of Letter Circle Green 

Image of Strategy 

 

Helpful Hint This is a critical Strategy because it can be referenced in 
future lessons to use fractions to visualize and denote 
ratios. 

Strategy Overview - Write a fraction with the blue measurement in the 
numerator and red in the denominator (or switch 
this but stay consistent). 

- Create fractions for Jada and Andre’s mixtures 
and see if the numbers you use to multiply the 
numerator and denominator by relate the two 
fractions are equivalent. 

Relation to Learning Goal - This Strategy encourages students to determine if 
the measurements of the blue water and red water 
were increased by the same multiplier. 

- Students can justify their reasoning based on the 
multiplier being the same or different. 

Assessing Questions How did you get this number here (point to the 3)? How 
about this one (point to the 2)? 

Why did you decide to make a fraction? How did that 
help? 

This work is licensed under CC BY-SA 4.0 
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Points of Growth  

This work is licensed under CC BY-SA 4.0  

Advancing Questions What would I need to do in order to make Andre’s water 
the same shade of purple? 

Could you have multiplied by another number here (point 
to the number for their own mixture) and still have the 
same shade of purple? Why or why not? 

Name of Strategy  Reciprocal 

Number of Strategy 1 

Color of Letter Circle Red 

Image of Strategy 

 

Strategy Overview - Students may use the reciprocal fraction and 
misalign the numbers denoting blue and red. 

Relation to Learning Goal - It is important that students realize how to align the 
numbers according to what they contextually 
denote before determining equivalence through 
multiplication. 

- If many students experience this Point of Growth, 
Sequence it before the Fractions Productive 
Approach to connect the two Strategies. 

Assessing Questions Why did you put this number in the numerator (8) and this 
one in the denominator (3)? 

This work is licensed under CC BY-SA 4.0 
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This work is licensed under CC BY-SA 4.0  

C Fractions  

Color of Letter Circle Green 

Question(s) for the Group Why did you put the 24 in the numerator and the 9 in 
the denominator? 

Why did you decide to multiply by this number (3 & 2)? 

Question(s) for the Whole Class Can someone tell me if we could have put the red in the 
numerator and the blue in the denominator instead? 
Why or why not? 

Can someone tell me why I need to multiply by the 
same number to say the shade of purple is the same? 

Can someone tell me if there’s any similarities or 
differences between all three Strategies? 

Activity Conclusion - How did each Strategy help you decide if the 
shade of purple would be the same? 

- Which Strategy do you like the most? Why? 
- Do we have to multiply the reds and the blues 

by the same number to get the same shade of 
purple? Why or why not? 

Name of Sequence Using the Reciprocal 

Description of Sequence - Use this sequence if a lot of groups use the 
Reciprocal Point of Growth.  

- Sequence it right before the Fractions 
Productive Approach to connect the Strategies 
and emphasize how important it is to align the 
reds and the blues. 

A Grouping 

Color of Letter Circle Green 

Question(s) for the Group How did you decide to group the reds and the blues? 

How did you use the Groups to figure out if the mixture 
would be the same shade of purple? 

Question(s) for the Whole Class Can someone tell me if there’s another way to group 
the reds and the blues? 

This work is licensed under CC BY-SA 4.0 
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Reflection Questions 

 

This work is licensed under CC BY-SA 4.0  

C Fractions  

Color of Letter Circle Green 

Question(s) for the Group Why did you put the 24 in the numerator and the 9 in 
the denominator? 

Why did you decide to multiply by this number (3 & 2)? 

Question(s) for the Whole Class Can someone tell me if we could have put the red in the 
numerator and the blue in the denominator instead? 
Why or why not? 

Can someone tell me why I need to multiply by the 
same number to say the shade of purple is the same? 

Can someone tell me if there’s any similarities or 
differences between all three Strategies? 

Activity Conclusion - How did each Strategy help you decide if the 
shade of purple would be the same? 

- Which Strategy do you like the most? Why? 
- Do we have to multiply the reds and the blues 

by the same number to get the same shade of 
purple? Why or why not? 

Reflection Question(s) - How could I re-sequence the Strategies my 
students used to emphasize the importance of 
the multiplicative relationship? 

- What is the best way to show that all Strategies 
are checking to see if the proportion of blues 
and reds are preserved? 

- Is there a pattern I noticed when interacting with 
students or when I called on students/groups to 
present? Am I leaving anyone out? 

- Is there anything I did during Monitoring, 
Selecting, Sequencing, or Connecting that I can 
learn from for the next 5Ps activity? 

This work is licensed under CC BY-SA 4.0 
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Grade Level 6 

Unit Number 2 

Lesson Number 6 

Activity Number 3 

Activity Name Blue Paint on a Double Number Line 

Learning Goal - Students will compare and contrast discrete values 
on double number line diagrams.  

- Students will recognize how to use a double 
number line diagram to find equivalent ratios, and 
label and interpret the data in context. 

Image of Student-Facing Activity Here is a diagram showing Elena’s recipe for light blue 
paint. (Figure 1) 

 
 

1. Complete the double number line diagram to show 
the amounts of white paint and blue paint in 
different-sized batches of light blue paint. (Figure 
2) 

 
 

2. Compare your double number line diagram with 
your partner. Discuss your thinking. If needed, 
revise your diagram. 

3. How many cups of white paint should Elena mix 
with 12 tablespoons of blue paint? How many 
batches would this make? 

4. How many tablespoons of blue paint should Elena 
mix with 6 cups of white paint? How many batches 
would this make? 

This work is licensed under CC BY-SA 4.0 
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Productive Approaches 

This work is licensed under CC BY-SA 4.0  
 

5. Use your double number line diagram to find 
another amount of white paint and blue paint that 
would make the same shade of light blue paint. 

6. How do you know that these mixtures would make 
the same shade of light blue paint? 

 

Name of Strategy 2 on Top, 6 Below 

Letter of Strategy  A 

Color of Letter Circle Green 

Image of Strategy 

 

This work is licensed under CC BY-SA 4.0 
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Image of Strategy 

 

Helpful Hint This is a Critical Strategy because students are 
calculating what they will learn to be the unit rate. 

Strategy Overview - Draw a number line for the white paint. 
- Draw a number line below for the blue paint. 
- Expand both number lines to answer the 

questions, adjusting the scale to the unit rate. 

Relation to Learning Goal - This Strategy allows students to visually align the 
white and blue paint. 

- Students can justify their reasoning based on the 
double number line. 

- Students may visually expand the double number 
line to compare rates and predict outcomes. 

This work is licensed under CC BY-SA 4.0 
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Question(s) for the Whole Class Can someone tell me if they had to go this far with the 
number lines? Why or why not? 

Can someone tell me how they might have made sure 
they lined up the numbers correctly? 

Bridge - This is a nice visual for seeing where the blue 
and white paint line up. 

- I wonder if there’s another way to visualize 
these numbers. 

B 1 on Top, 3 Below  

Color of Letter Circle Green 

Question(s) for the Group Why did you decide to count by 1s and 3s? 

What numbers does this double number line have in 
common with the first Strategy? Why? 

Question(s) for the Whole Class Can someone tell me what the similarities or 
differences are between these two Strategies? 

Can someone tell me if there’s a benefit to using one of 
these Strategies over the other?  

What would it take to get you to use the Strategy you 
didn’t choose? 

Bridge - I like that I have two different double number 
lines to choose from. 

- I wonder if there’s a third way to think about 
these number lines. 

C 6 on Top, 2 Below 

Color of Letter Circle Green 

Question(s) for the Group Why did you decide to put the blue paint on top and the 
white paint on the bottom?  

Is this Strategy more like the first or second one we 
saw? Why? 

Question(s) for the Whole Class Can someone tell me if it matters which paint is on the 
top or bottom? Why or why not? 

Which of the three Strategies do we like the most? 
Why? 

This work is licensed under CC BY-SA 4.0 
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- Sequence it at the beginning to facilitate a 
discussion about the importance of starting the 
alignment of the ratios accurately. 

1 Start at Zero 

Color of Letter Circle Red 

Question(s) for the Group Why did you start at 0 here but you started at 6 here? 

How did you know that the numbers didn’t line up like 
they should have? 

Question(s) for the Whole Class Can someone tell me what we need to do to align these 
number lines? 

Can someone tell me why we should start at 0 with both 
number lines? 

Bridge - It’s important to start both number lines at zero. 
- Let’s see what happens when we do that. 

A 2 on Top, 6 Below 

Color of Letter Circle Green 

Question(s) for the Group Why did you decide to put the white paint on top and 
the blue paint on the bottom? 

Why did you count by 2s and 6s? 

Question(s) for the Whole Class Can someone tell me if they had to go this far with the 
number lines? Why or why not? 

Can someone tell me how they might have made sure 
they lined up the numbers correctly? 

Bridge - This is a nice visual for seeing where the blue 
and white paint line up. 

- I wonder if there’s another way to visualize 
these numbers. 

B 1 on Top, 3 Below  

Color of Letter Circle Green 

Question(s) for the Group Why did you decide to count by 1s and 3s? 

This work is licensed under CC BY-SA 4.0 







Research Project - Finding a Path for Equitable Mathematical Student Discourse  |  129

APPENDIX C | 6.2.6.3

 

 

This work is licensed under CC BY-SA 4.0  
 

Grade Level 6 

Unit Number 2 

Lesson Number 6 

Activity Number 3 

Activity Name Blue Paint on a Double Number Line 

Learning Goal - Students will compare and contrast discrete values 
on double number line diagrams.  

- Students will recognize how to use a double 
number line diagram to find equivalent ratios, and 
label and interpret the data in context. 

Image of Student-Facing Activity Here is a diagram showing Elena’s recipe for light blue 
paint. (Figure 1) 

 
 

1. Complete the double number line diagram to show 
the amounts of white paint and blue paint in 
different-sized batches of light blue paint. (Figure 
2) 

 
 

2. Compare your double number line diagram with 
your partner. Discuss your thinking. If needed, 
revise your diagram. 

3. How many cups of white paint should Elena mix 
with 12 tablespoons of blue paint? How many 
batches would this make? 

4. How many tablespoons of blue paint should Elena 
mix with 6 cups of white paint? How many batches 
would this make? 
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Grade Level 6 

Unit Number 2 

Lesson Number 14 

Activity Number 3 

Activity Name Keeping Track of all Possible Outcomes 

Learning Goal - Students will recognize and determine what 
information is needed to solve a problem involving 
equivalent ratios.  

- Students will choose a visual or numerical strategy 
to compare rates and extend the comparison to 
predict outcomes. 

Image of Student-Facing Activity - Lin read the first 54 pages from a 270-page book 
in the last 3 days. 

- Diego read the first 100 pages from a 320-page 
book in the last 4 days. 

- Elena read the first 160 pages from a 480-page 
book in the last 5 days 

If they continue to read every day at these rates, who will 
finish first, second, and third? Explain or show your 
reasoning. 

Name of Strategy Double Number Line 

Letter of Strategy  A 

Color of Letter Circle Green 
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Image of Strategy 

 

Helpful Hint This is a familiar strategy students have used in many 
contexts before. 

Strategy Overview - Draw a number line for the number of pages read. 
- Draw a number line below for the number of days. 
- Expand both number lines until the final page in 

the book is reached. 

Relation to Learning Goal - This Strategy allows students to visually align the 
number of pages with the number of days. 

- Students can justify their reasoning based on the 
Double Number Line. 

- Students may visually extend the Double Number 
Line to compare rates and predict outcomes. 
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Questions to help get started 
 

 
 

Sequence/Connections 

This work is licensed under CC BY-SA 4.0  

Helpful Hint Remember students always have a place to start and 
sometimes we need to listen so we can remind students 
they understand mathematics on some level. 

Questions What do I need to figure out first? 

Think about strategies we’ve used before. Is there one we 
can use here? 

Can you explore what we just talked about and I’ll check 
back with you in a moment? 

Name of Sequence Double Number Line First 

Description of Sequence - Use this sequence if a lot of groups use a 
Double Number Line. This will provide multiple 
points of entry to the conversation for many 
students.  

- Then use a Table to show a similar but visually 
different way to organize the data. 

- Finish with the Per Day to emphasize that this 
strategy is useful when using large numbers and 
you don’t want to build out the Table or Double 
Number Line. 

- If more students use the Table Strategy, use 
suggested sequence #2. 

A Double Number Line 

Color of Letter Circle Green 

Question(s) for the Group How did you align these numbers (point to the top 
number line) with these down here (point to the bottom 
number line)? 

How did you know when to stop building the Double 
Number Line out? 
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where these numbers are in the Double Number Line 
and the Table? 

Which of the three Strategies do we like the most? 
Why? 

Activity Conclusion - How did each Strategy help you to know who 
would finish first, second, and third? 

- Elena and Lin both finished in 15 days total, so 
why was Lin listed as second and Elena as 
third? 

- There are two very visual Strategies and one 
calculation. What would make you choose one 
Strategy over another? 

Name of Sequence Table First 

Description of Sequence - Use this sequence if a lot of groups use a Table. 
This will provide multiple points of entry to the 
conversation for many students.  

- Then use a Double Number Line to show a 
similar but visually different way to organize the 
data. 

- Finish with the Per Day to emphasize that this 
strategy is useful when using large numbers and 
you don’t want to build out the Table or Double 
Number Line. 

- If more students use the Double Number Line 
Strategy, use suggested sequence #1. 

B Table  

Color of Letter Circle Green 

Question(s) for the Group How did you align these numbers (point to the left 
column) with these down here (point to the right 
column)? 

What made you decide to use a Table over a Double 
Number Line? 

Question(s) for the Whole Class Can someone tell me what the similarities or 
differences are between the Double Number Line and 
the Table? 
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Question(s) for the Group How did you align these numbers (point to the left 
column) with these down here (point to the right 
column)? 

What made you decide to use a Table over a Double 
Number Line? 

Question(s) for the Whole Class Can someone tell me what the similarities or 
differences are between the Double Number Line and 
the Table? 

Can someone tell me if there’s a benefit to using one of 
these Strategies over the other?  

What would it take to get you to use the Strategy you 
didn’t choose to use? 

Bridge - I like that I have two different visual Strategies to 
choose from. 

- I wonder if there’s a third way to think about this 
problem that involves calculations. 

1 Pages Read 

Color of Letter Circle Red 

Question(s) for the Group How did you use these numbers to answer the problem 
(point to the 25, 32, and 18)? 

Why did you decide not to use the total number of 
pages in the book? 

Question(s) for the Whole Class Can someone tell me if Elena reads faster but hasn’t 
read for as many days as Diego or Lin, could Diego or 
Lin be ahead of Elena? 

Can someone tell me if or why the total number of 
pages in the book might matter? 

Bridge - So it looks like these numbers are usable, we 
just need to do more here. 

- Let’s look at another approach to continue this 
great start. 

C Per Day   

Color of Letter Circle Green 
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Grade Level 6 

Unit Number 2 

Lesson Number 14 

Activity Number 3 

Activity Name Keeping Track of all Possible Outcomes 

Learning Goal - Students will recognize and determine what 
information is needed to solve a problem involving 
equivalent ratios.  

- Students will choose a visual or numerical strategy 
to compare rates and extend the comparison to 
predict outcomes. 

Image of Student-Facing Activity - Lin read the first 54 pages from a 270-page book 
in the last 3 days. 

- Diego read the first 100 pages from a 320-page 
book in the last 4 days. 

- Elena read the first 160 pages from a 480-page 
book in the last 5 days 

If they continue to read every day at these rates, who will 
finish first, second, and third? Explain or show your 
reasoning. 

Name of Strategy Double Number Line 

Letter of Strategy  A 

Color of Letter Circle Green 
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Grade Level 7 

Unit Number 2 

Lesson Number 2 

Activity Number 2 

Activity Name Feeding a Crowd 

Learning Goal - Students will comprehend that “proportional 
relationships” refers to when two quantities are 
related by multiplying by a “constant of 
proportionality.”  

- Students will use tables to express proportional 
relationships and calculate missing values in a 
table. 

Image of Student-Facing Activity 1. A recipe says that 2 cups of dry rice will serve 6 
people. Complete the table as you answer the 
questions. Be prepared to explain your reasoning. 

a. How many people will 10 cups of rice serve? 
b. How many cups of rice are needed to serve 

45 people? 
 

2. A recipe says that 6 spring rolls will serve 3 
people. Complete the table. 

cups 
of rice 

number 
of people 

2 6 

3 9 

10   

  45 
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Image of Strategy 

 

Helpful Hint This provides a visual link to the unit rate. 

Strategy Overview - Draw the number of people and cups of rice. 
- Then circle or box an equal number of people with 

each cup of rice. 
- Use the Drawing to fill in the missing values. 

Relation to Learning Goal - This Strategy allows students to visually see how 
many people can be fed with each cup of rice, 
implicitly using the Unit Rate. 

- Students can justify their reasoning based on the 
Drawing. 

- Students may not draw out all the cups of rice but 
instead use the Unit Rate to finish the problem. 

Assessing Questions Which numbers did you use from the table to start the 
Drawing? 
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How did you know how many people to group together 
with each cup of rice? 

Advancing Questions Do we have to keep drawing this out if we had 100 cups 
of rice? (That would take way too long) 

What can we learn from the Drawing that we can use so 
we wouldn’t have to draw this out 100 times? 

Name of Strategy Moving Down a Table 

Letter of Strategy B 

Color of Letter Circle Green 

Image of Strategy 

 

Helpful Hint This strategy helps students see the recursive and 
vertical patterns in the sets of numbers. 

Strategy Overview - Identify the pattern to move down the left side of 
the column and use that same pattern to move 
down the right side of the column. 

- Although the Strategy denotes multiplication, 
addition can be used as well. 

Relation to Learning Goal - This Strategy allows students to proportional 
relationships to fill in the table vertically. 

- Students can justify their reasoning based on the 
table and multiplier. 
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- Students implicitly use the Unit Rate to calculate 
the missing numbers. 

- Students can justify their reasoning based on the 
table and multiplier. 

Assessing Questions How did you get this number here (point to the 3)? 

What did you do with this number in order to fill in these 
blanks in the table? 

Advancing Questions I notice there’s gaps in the table (like between 3 and 10). 
Does this affect your Strategy at all? 

Why do you think we can use the same number (3) every 
time no matter where we are in the table? 

Name of Strategy Unit Rate  

Letter of Strategy D 

Color of Letter Circle Green 

Image of Strategy 

 

Helpful Hint This is a critical Strategy because it is used through all 
Strategies and will be the main Strategy in future lessons. 

Strategy Overview - Divide the output (number of people) by the input 
(cups of rice) to determine the Unit Rate. 
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Question(s) for the Group Can you tell me what pattern you noticed moving down 
this table? 

How did you come up with this number (5)? 

Question(s) for the Whole Class Can someone tell me if we could add a number instead 
of multiply by 5 to move down the table? 

Can someone tell me if there are similarities or 
differences between this Strategy and the Drawing?  

When would we use the Drawing? When would we use 
this Strategy instead? 

Bridge - I definitely see a pattern moving down the table. 
- I wonder if there’s a pattern moving across the 

table. 

C Moving Across a Table  

Color of Letter Circle Green 

Question(s) for the Group How did you get this number here (3)?  

Why did you decide to multiply by this number (3)? 

Question(s) for the Whole Class Can someone tell me if I could add a number instead of 
multiplying to go from left to right? 

Can someone tell me why I had to divide by 3 to move 
from right to left? 

Can someone tell me if there’s any similarities between 
moving down the table and moving across the table? 

Bridge - I see that I can move down the table or across 
the table to find the missing values. 

- I wonder if there’s a consistent number I see in 
all these Strategies 

D Unit Rate  

Color of Letter Circle Green 

Question(s) for the Group Which Strategy above most helps you to explain why 
you’re using the number 3? 

Why are you multiplying by 3? Why not add? 
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Question(s) for the Whole Class Can someone tell me if the number 3 shows up in all 
these Strategies? 

Can someone show me where the number 3 is in all 
these Strategies? 

Are we using the number 3 in the same way throughout 
the Strategies? Why or why not? 

Activity Conclusion - How did each Strategy help you to fill in the 
missing parts of the table? 

- Which Strategy do you most readily see the 3 
in? Why? 

- When we use a Strategy like these we say there 
is a proportional relationship. Has anyone heard 
this phrase before? 

Name of Sequence No Drawing 

Description of Sequence - Use this sequence if no one uses a Drawing.  
- Start with a Table to show the vertical and 

horizontal patterns. 
- Finish with the Unit Rate to emphasize that all 

the Strategies embrace and use the Unit Rate in 
some manner. 

- If any student or group uses a Drawing, use 
suggested sequence #1. 

B Moving Down a Table 

Color of Letter Circle Green 

Question(s) for the Group Can you tell me what pattern you noticed moving down 
this table? 

How did you come up with this number (5)? 

Question(s) for the Whole Class Can someone tell me if we could add a number instead 
of multiply by 5 to move down the table? 

Can someone tell me if there are similarities or 
differences between this Strategy and the Drawing?  

Is there a way we can visualize this pattern? 

Bridge - I definitely see a pattern moving down the table. 
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- I wonder if there’s a pattern moving across the 
table. 

C Moving Across a Table  

Color of Letter Circle Green 

Question(s) for the Group How did you get this number here (3)?  

Why did you decide to multiply by this number (3)? 

Question(s) for the Whole Class Can someone tell me if I could add a number instead of 
multiplying to go from left to right? 

Can someone tell me why I had to divide by 3 to move 
from right to left? 

Can someone tell me if there’s any similarities between 
moving down the table and moving across the table? 

Bridge - I see that I can move down the table or across 
the table to find the missing values. 

- I wonder if there’s a consistent number I see in 
both of these Strategies 

D Unit Rate  

Color of Letter Circle Green 

Question(s) for the Group Which Strategy above most helps you to explain why 
you’re using the number 3? 

Why are you multiplying by 3? Why not add? 

Question(s) for the Whole Class Can someone tell me if the number 3 shows up in all 
these Strategies? 

Can someone show me where the number 3 is in all 
these Strategies? 

Are we using the number 3 in the same way throughout 
the Strategies? Why or why not? 

Activity Conclusion - How did each Strategy help you to fill in the 
missing parts of the table? 

- Which Strategy do you most readily see the 3 
in? Why? 

This work is licensed under CC BY-SA 4.0 

APPENDIX C | 7.2.2.2







Research Project - Finding a Path for Equitable Mathematical Student Discourse  |  161

 

 
 

Reflection Questions 

This work is licensed under CC BY-SA 4.0  

Bridge - I see that I can move down the table or across 
the table to find the missing values. 

- I wonder if there’s a consistent number I see in 
all these Strategies 

D Unit Rate  

Color of Letter Circle Green 

Question(s) for the Group Which Strategy above most helps you to explain why 
you’re using the number 3? 

Why are you multiplying by 3? Why not add? 

Question(s) for the Whole Class Can someone tell me if the number 3 shows up in all 
these Strategies? 

Can someone show me where the number 3 is in all 
these Strategies? 

Are we using the number 3 in the same way throughout 
the Strategies? Why or why not? 

Activity Conclusion - How did each Strategy help you to fill in the 
missing parts of the table? 

- Which Strategy do you most readily see the 3 
in? Why? 

- When we use a Strategy like these we say there 
is a proportional relationship. Has anyone heard 
this phrase before? 

Reflection Question(s) - How could I re-sequence the Strategies to lead 
to the formal definition of “proportional 
relationships?” 

- What is the best way to emphasize the 
connections between the Productive 
Approaches, especially with the Unit Rate? 

- Is there a pattern I noticed when interacting with 
students or when I called on students/groups to 
present? Am I leaving anyone out? 
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Image of Strategy 

 

Helpful Hint This is a familiar strategy students have used in many 
contexts before. 

Strategy Overview - Draw a number line for the distance. 
- Draw a number line below for the time. 
- Expand both number lines you reach 1 minute and 

100 minutes. 

Relation to Learning Goal - This Strategy allows students to visually align the 
distance with the time. 

- Students can justify their reasoning based on the 
Double Number Line. 

- Students may visually expand the Double Number 
Line to compare rates and predict outcomes. 

Assessing Questions You lined up the distance with the time here like this 
(point to the numbers). Why did you choose those 
numbers to line up? 

How did you know when to stop expanding the Double 
Number Lines? 

Advancing Questions Does it matter which number line is on the top or the 
bottom? Why or why not? 

Are there any contexts or numbers you wouldn’t want to 
use a double number line for? (Yes) What would that be? 

Name of Strategy Table 
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Can you tell me what you’re doing here when you take 
the distance and divide by the time? 

Advancing Questions When you got the number here (5/4), what does this 
number mean in terms of the problem? 

Why did you multiply by the Unit Rate here? Is there a 
time I would want to divide by the Unit Rate? 

Name of Strategy  Switch Divisor and Dividend 

Number of Strategy 1 

Color of Letter Circle Red 

Image of Strategy 

 

Strategy Overview - Students may switch the dividend and the divisor, 
thus using the reciprocal of the Unit Rate. 

- Students then use this reciprocal in the proper 
manner to calculate the distance after 100 
minutes. 

Relation to Learning Goal - It is important that students realize which ratio is 
most effective and makes the most amount of 
sense given the context of a problem. 
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Sequence/Connections 
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Helpful Hint Remember students always have a place to start and 
sometimes we need to listen so we can remind students 
they understand mathematics on some level. 

Questions What do I need to figure out first? 

We’re talking about distance and time. How do we usually 
want to measure that, like how fast we’re going in a car? 

Can you explore what we just talked about and I’ll check 
back with you in a moment? 

Name of Sequence Double Number Line First 

Description of Sequence - Use this sequence if a lot of groups use a 
Double Number Line. This will provide multiple 
points of entry to the conversation for many 
students.  

- Then use a Table to show a similar but visually 
different way to organize the data. 

- Finish with the Unit Rate to emphasize that this 
strategy is useful when using large numbers and 
you don’t want to build out the Table or Double 
Number Line. 

- If more students use the Table Strategy, use 
suggested sequence #2. 

A Double Number Line 

Color of Letter Circle Green 

Question(s) for the Group How did you align these numbers (point to the top 
number line) with these down here (point to the bottom 
number line)? 

How did you know when to stop building the Double 
Number Line out? 

Question(s) for the Whole Class Can someone tell me why a Double Number Line works 
well for this problem? 
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Can someone tell me what would make you not want to 
use a Double Number Line? 

Bridge - This is a nice visual for seeing where the pages 
and days line up. 

- I wonder if there’s another way to visualize 
these numbers. 

B Table  

Color of Letter Circle Green 

Question(s) for the Group How did you align these numbers (point to the left 
column) with these down here (point to the right 
column)? 

What made you decide to use a Table over a Double 
Number Line? 

Question(s) for the Whole Class Can someone tell me what the similarities or 
differences are between the Double Number Line and 
the Table? 

Can someone tell me if there’s a benefit to using one of 
these Strategies over the other?  

What would it take to get you to use the Strategy you 
didn’t choose to use? 

Bridge - I like that I have two different visual Strategies to 
choose from. 

- I wonder if there’s a third way to think about this 
problem that involves calculations. 

C Unit Rate   

Color of Letter Circle Green 

Question(s) for the Group Why did you choose to do these calculations over a 
Double Number Line or a Table?  

What made you decide to divide by the time? 

Question(s) for the Whole Class I see the 5/4 for the Unit Rate. Can someone tell me 
where these numbers are in the Double Number Line 
and the Table? 

Which of the three Strategies do we like the most? 
Why? 
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Activity Conclusion - How did each Strategy help you to find the Unit 
Rate? 

- Does it matter which Strategy I use to find the 
Unit Rate? Why or why not? 

- There are two very visual Strategies and one 
calculation. What would make you choose one 
Strategy over another? 

Name of Sequence Table First 

Description of Sequence - Use this sequence if a lot of groups use a Table. 
This will provide multiple points of entry to the 
conversation for many students.  

- Then use a Double Number Line to show similar 
but visually different ways to organize the data. 

- Finish with the Unit Rate to emphasize that this 
strategy is useful when using large numbers and 
you don’t want to build out the Table or Double 
Number Line. 

- If more students use the Double Number Line 
Strategy, use suggested sequence #1. 

B Table  

Color of Letter Circle Green 

Question(s) for the Group How did you align these numbers (point to the left 
column) with these down here (point to the right 
column)? 

What made you decide to use a Table over a Double 
Number Line? 

Question(s) for the Whole Class Can someone tell me what the similarities or 
differences are between the Double Number Line and 
the Table? 

Can someone tell me if there’s a benefit to using one of 
these Strategies over the other?  

What would it take to get you to use the Strategy you 
didn’t choose to use? 

Bridge - This is a nice visual for seeing where the pages 
and days line up. 
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Name of Sequence Students Switched the Divisor and Dividend 

Description of Sequence - Use this sequence if a lot of groups use the 
Switch Divisor and DIvidend Point of Growth.  

- Sequence it right before the Unit Rate 
Productive Approach since the calculations for 
this Point of Growth are used in the Unit Rate 
Productive Approach. 

A Double Number Line 

Color of Letter Circle Green 

Question(s) for the Group How did you align these numbers (point to the top 
number line) with these down here (point to the bottom 
number line)? 

How did you know when to stop building the Double 
Number Line out? 

Question(s) for the Whole Class Can someone tell me why a Double Number Line works 
well for this problem? 

Can someone tell me what would make you not want to 
use a Double Number Line? 

Bridge - This is a nice visual for seeing where the pages 
and days line up. 

- I wonder if there’s another way to visualize 
these numbers. 

B Table  

Color of Letter Circle Green 

Question(s) for the Group How did you align these numbers (point to the left 
column) with these down here (point to the right 
column)? 

What made you decide to use a Table over a Double 
Number Line? 

Question(s) for the Whole Class Can someone tell me what the similarities or 
differences are between the Double Number Line and 
the Table? 
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Helpful Hint This is a critical strategy because it provides an efficient, 
visual, and compact way to list all possible outcomes of 
an event. 

Strategy Overview - Draw a table, placing one set of outcomes 
vertically and the other set horizontally. 

- Use the table to fill in the possible outcomes based 
on the horizontal and vertical information. 

Relation to Learning Goal - This Strategy allows students to organize data 
ensuring there is no repetition or missing 
outcomes. 

- Students can justify their reasoning based on the 
visualization represented in the table. 

- Students may try to use a table for flipping the 
dime, nickel, and penny. Although this can be 
done, encourage students to use a list or tree 
diagram instead. 

Assessing Questions Why did you decide to put this event (point to outcome) 
up here in the table? 

How did you get all these outcomes here in the table? 

Advancing Questions Do you have to put this event (point to the outcome) on 
this side of the table? (No) How come? 

How are we sure with this Strategy that I listed every 
possible outcome? 

Would I get more, fewer, or the same number of 
outcomes if I used a different visualization for finding the 
outcomes? Why? 

Name of Strategy Tree Diagram  

Letter of Strategy B 

Color of Letter Circle Green 
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Image of Strategy 

 

Helpful Hint This strategy may be easier for students to grasp if 
they’ve used “factor trees” a lot in the past. 

Strategy Overview - Draw a tree diagram for each of the events. 
- Then follow the branches to determine possible 

outcomes. 

Relation to Learning Goal - This strategy allows students to visualize 
systematically through a strategy used before 
(factor trees) the outcomes. 

- This Productive Approach may take more time 
than others but provides a touch point visual for 
making sense of the possible outcomes. 

Assessing Questions Why did you decide to make the first branch with this 
event? 

How did you get all these outcomes from the tree 
diagram? 

Advancing Questions Do you have to start the tree diagram with this outcome 
first? (No) How come? 

How are we sure with this Strategy that I listed every 
possible outcome? 
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Would I get more, fewer, or the same number of 
outcomes if I used a different visualization for finding the 
outcomes? Why? 

Name of Strategy List 

Letter of Strategy C 

Color of Letter Circle Green 

Image of Strategy 

 

Helpful Hint Watch for students repeating or missing outcomes if they 
use this Strategy. 

Strategy Overview - Create a list of possible outcomes using one 
outcome consistently as the first entry and the 
other as the second entry. 

- Check the list to ensure no repeats and that all 
possible outcomes are written. 

Relation to Learning Goal - This Strategy provides a way to think through 
possible outcomes for the compound event. 

- The Strategy will help to see the strength of the 
other two strategies when compared. 
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Question(s) for the Whole Class If I put another event first then I notice the order would 
change, like from Y2 to 2Y. Can someone tell me if 
these are two different outcomes? Why or why not? 

How can we be sure that we covered all of the 
outcomes without repeating any using a Tree Diagram? 

Bridge - This is a nice visual but it takes up a lot of space 
and time. 

- I wonder if there’s a third way to think about the 
events and outcomes. 

C List 

Color of Letter Circle Green 

Question(s) for the Group Why did you choose to make a List over a Table or 
Tree Diagram?  

How did you keep track of all the outcomes with a List, 
especially since you don’t have a Table or branches? 

Question(s) for the Whole Class Can someone tell me what’s the same and what’s 
different between the Table and the List? 

Which of the three Strategies do we like the most? 
Why? 

Activity Conclusion - How did each strategy help you to know you 
listed all possible outcomes without duplicating 
or skipping some? 

- Would each of the methods work for any of the 
scenarios? 

- Say I have 50 different shirts and 40 different 
pants and I don’t want to list all those out. Do 
you notice a pattern here? Can I find out how 
many total outcomes there will be without listing 
them all out? 

- When would you choose to use a List, or a 
Table, or a Tree Diagram? 

Name of Sequence Branches Point of Growth 

Description of Sequence - Use this sequence if a lot of groups use the 
Branches of the Tree Diagram Point of Growth. 

This work is licensed under CC BY-SA 4.0 

APPENDIX C | 7.8.8.2





Research Project - Finding a Path for Equitable Mathematical Student Discourse  |  191

This work is licensed under CC BY-SA 4.0  

A Table   

Color of Letter Circle Green 

Question(s) for the Group I notice with the Tree Diagram Strategy, this event is 
here and in the Table Strategy, you put the same event 
here. Is there any relationship there? 

Are there any of these problems that lend themselves 
to using a Tree Diagram instead of a Table? 

Question(s) for the Whole Class Can someone tell me if I get the same answers with a 
Tree Diagram or a Table, when would I choose one 
over the other? 

Can someone tell me if you prefer one of these 
Strategies over the other?  

What would it take to get you to use the Strategy you 
don’t prefer? 

Bridge - I like that I have two different strategies to 
choose from. 

- I wonder if there’s a third way to think about the 
events and outcomes. 

C List 

Color of Letter Circle Green 

Question(s) for the Group Why did you choose to make a List over a Table or 
Tree Diagram?  

How did you keep track of all the outcomes with a List, 
especially since you don’t have a Table or branches? 

Question(s) for the Whole Class Can someone tell me what’s the same and what’s 
different between the Table and the List? 

Which of the three Strategies do we like the most? 
Why? 

Activity Conclusion - How did each strategy help you to know you 
listed all possible outcomes without duplicating 
or skipping some? 

- Would each of the methods work for any of the 
scenarios? 

- Say I have 50 different shirts and 40 different 
pants and I don’t want to list all those out. Do 
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Reflection Questions 
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you notice a pattern here? Can I find out how 
many total outcomes there will be without listing 
them all out? 

- When would you choose to use a List, or a 
Table, or a Tree Diagram? 

Reflection Question(s) - How could I re-sequence the Strategies so 
students better understand the pros and cons of 
each strategy? 

- What is the best way to draw out of the 
connection that order for these types of events 
doesn’t matter (like Y2 is the same as 2Y)? 

- Is there a pattern I noticed when interacting with 
students or when I called on students/groups to 
present? Am I leaving anyone out? 

- Is there anything I did during Monitoring, 
Selecting, Sequencing, or Connecting that I can 
learn from for the next 5Ps activity? 
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Productive Approaches

Name of Strategy Translate Vertex B

Letter of Strategy A

Color of Letter Circle Green

Image of Strategy

Helpful Hint This strategy may be easier for students to grasp because
the first step is based on a translation, affording more
entry points for students who may have difficulties with
reflections or rotations.

Strategy Overview - Translate vertex B 7 units to the right.
- Then rotate triangle ABC 90 degrees clockwise

about vertex B.

Relation to Learning Goal - This strategy allows students to translate and
rotate triangle ABC to verify it aligns with triangle
CFG.

- Students remember that rotations and translations
preserve the size and shape of an object.

Assessing Questions How did you move triangle ABC to get vertex B to line up
with vertex F?

How many degrees did you rotate triangle ABC and about
which point?

Advancing Questions Why did you decide to translate the triangle first? Did you
have to translate it first? (No) How come?

Could you rotate the triangle the other way? (Yes) Why
can we rotate it the other way? How many degrees would
I have to rotate it the other way?
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Question(s) for the Group Why did you decide to translate and then rotate the
figure?

How did you know when to stop translating and
rotating?

Question(s) for the Whole Class Can someone tell me if I could use triangle BDE in this
problem? (No, you cannot) Why not?

How can we be sure that we didn’t change any of the
measurements for the triangle I was moving?

Bridge - So we translated and then rotated.
- I wonder what would change if I decided to

rotate first.

B Rotate Vertex B⭐

Color of Letter Circle Green

Question(s) for the Group Why did you decide to rotate and then translate the
figure?

How did you know when to stop rotating and
translating?

Question(s) for the Whole Class Can someone tell me if I rotated first or if I translated
first, did that change how many degrees I rotated or
how far I translated the triangle? (No, it didn’t) Why not?

Does this mean when we do a sequence of
transformations, it does not matter what order we do it
in?

Bridge - It looks like we can rotate first or translate first
for this problem.

- I wonder if we can only do translations or only
do rotations.

C Rotate Twice

Color of Letter Circle Green

Question(s) for the Group Why did you choose to only do rotations?

Did you set out to only do this or did you decide part
way into the problem?
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Bridge - So we rotated and then translated.
- I wonder what would change if I decided to

translate first.

A Translate Vertex B

Color of Letter Circle Green

Question(s) for the Group Why did you decide to translate and then rotate the
figure?

How did you know when to stop translating and
rotating?

Question(s) for the Whole Class Can someone tell me if I rotated first or if I translated
first, did that change how many degrees I rotated or
how far I translated the triangle? (No, it didn’t) Why not?

Does this mean when we do a sequence of
transformations, it does not matter what order we do it
in?

Bridge - It looks like we can rotate first or translate first
for this problem.

- Let’s look at a reflection now.

1 Only Isosceles Right Triangles

Color of Letter Circle Red

Question(s) for the Group Why did you decide to reflect triangle ABC about the
line segment CG?

Did vertex B align with vertex F when you reflected the
triangle? (No) Why do you think those vertices might
have aligned?

Question(s) for the Whole Class. Can someone tell me why vertex B and F did not align?

Can someone tell me what type of shape BCFG is
now? (A rectangle) What type of shape would BCFG
have to be for the reflection to work? (A square) How
come?

Do we want to keep going with this strategy? Is there a
way we can do the first rotation and then something
from here to align the figures?
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Grade Level 8 

Unit Number 2 

Lesson Number 9 

Activity Number 3 

Activity Name Using Side Quotients to Find Side Lengths of Similar 
Triangles 

Learning Goal - Students will recognize that the corresponding 
parts of similar triangles have common scale 
factors within one triangle and between other 
triangles and that missing values in similar 
triangles can be found by determining these scale 
factors.  

- Students will generalize strategies using 
corresponding sides of similar triangles and scale 
factors to calculate unknown side lengths, fluidly 
using internal and external scale factors to find the 
length of missing sides. 

Image of Student-Facing Activity 
Triangles ABC, EFD and GHI are all similar. The side 
lengths of the triangles all have the same units. Find the 
unknown side lengths.
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Name of Strategy Internal Scale Factor 

Letter of Strategy  A 

Color of Letter Circle Green 

Image of Strategy 

 

Helpful Hint This strategy may be easier for students to grasp because 
they’re working within one triangle, hence the Point of 
Growth with corresponding sides is avoided. 

Strategy Overview All triangles are Isosceles and the internal scale factor is 2 
or ½. 

Relation to Learning Goal - This is one of the two main strategies for finding 
missing values in similar triangles.  

- Students learn to work within a single triangle to 
find missing values. 

Assessing Questions How do we know these triangles are isosceles? 

How did you get this number here (point to Internal Scale 
Factor)? 

Advancing Questions Are we sure that the Internal Scale Factor for one of the 
triangles is the same for all of the triangles? (Yes) How 
can we be sure of this? 
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How did you get this number here (point to external scale 
factor)? 

Advancing Questions Are all of the external scale factors the same? (No) All the 
triangles are similar so how can all the scale factors be 
different? 

Is there a relationship within one triangle as well? 

Name of Strategy Both Scale Factors   

Letter of Strategy C 

Color of Letter Circle Green 

Image of Strategy 

 

Helpful Hint This is a critical strategy because it combines the use of 
both Internal and External Scale Factors and should be 
shown last as a bridge to integrated approaches. 

Strategy Overview Students use internal and external scale factors in a fluid 
manner, deciding which one makes more sense to use at 
different stages within the problem. 
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Points of Growth  
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Relation to Learning Goal - This is a critical strategy because students realize 
they can shift from one scale factor to the other at 
different stages of the problem.  

- While connecting, this strategy is best sequenced 
last. 

Assessing Questions Why did you choose to start with the internal (or external) 
scale factor? 

Advancing Questions When did you decide to switch from the internal/external 
scale factor to the external/internal scale factor and why? 

Do you think there are problems where I can only use 
Internal (or External) Scale Factor? Why (or why not)? 

Name of Strategy  Inverse Scale Factor 

Number of Strategy 1 

Color of Letter Circle Red 

Image of Strategy 

 

Strategy Overview - Students use the reciprocal of the scale factor. 
- For example, students use ½ where they should 

use 2. 

Relation to Learning Goal - It is important that students realize multiplying by a 
number greater than 1 creates a larger triangle and 
multiplying by a number less than 1 creates a 
smaller triangle. 

- If many students experience this Point of Growth, 
sequence this approach at the beginning, before 
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any Productive Approach so you can have a 
conversation about how multiplying by a number 
greater than 1 yields a bigger shape and smaller 
than 1 yields a smaller shape. 

Assessing Questions Can you tell me how you got this number here (point at 
the scale factor)? 

Advancing Questions Which shape is bigger? 

So if I multiply by this number will I get a bigger or smaller 
number? 

Name of Strategy  Additive Comparison 

Number of Strategy 2 

Color of Letter Circle Red 

Image of Strategy 

 

Helpful Hint- NONE FOR THIS 
ONE  

Strategy Overview Students use internal or external scale factors rooted in 
addition instead of multiplication. 

Relation to Learning Goal - Similar triangles are proportionally related which 
means they are related via multiplication, not 
addition. 

- If many students experience this Point of Growth, 
sequence it at the beginning, before any 
Productive Approach so you can have a 
conversation about similar shapes being 
proportionally related which means multiplication 
(not addition) links the shapes together. 
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So what’s the External Scale Factor for triangles ABC 
and GHI? How about ABC and EFD? How about EFD 
and HGI? 

Question(s) for the Whole Class Can someone tell me what the relationship between all 
the different External Scale Factors is? 

Can someone tell me why the internal scale factors are 
the same but the external scale factors are different? 

Bridge - So the scale factor is determined based on 
which triangle I’m starting at and which one I’m 
going to. 

- I wonder if we can use this strategy (point to 
Internal Scale Factor) and this strategy (External 
Scale Factor) together. 

C Both Scale Factors 

Color of Letter Circle Green 

Question(s) for the Group Why did you choose to start with the internal (or 
external) scale factor? 

Question(s) for the Whole Class Can someone tell me where they switched from the 
internal/external scale factor to the external/internal 
scale factor?  

Do we agree with this? If so, why? If not, what would 
you have done differently? 

Activity Conclusion - Which method is more efficient? 
- How did you know which side corresponded to 

the other? 
- It’s okay to use either scale factor. One method 

is not better than another, it mostly depends on 
what sides are missing. It’s okay, actually 
encouraged, to use both Internal and External 
Scale Factors throughout any problem if it 
makes sense to do so. 

Name of Sequence External Scale Factor First 

Description of Sequence - Use this sequence if a lot of groups use External 
Scale Factor. This will provide multiple points of 
entry to the conversation for many students.  
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- I wonder if we can use this strategy (point to 
Internal Scale Factor) and this strategy (External 
Scale Factor) together. 

C Both Scale Factors 

Color of Letter Circle Green 

Question(s) for the Group Why did you choose to start with the internal (or 
external) scale factor? 

Question(s) for Whole Class  Can someone tell me where they switched from the 
internal/external scale factor to the external/internal 
scale factor?  

Do we agree with this? If so, why? If not, what would 
you have done differently? 

Activity Conclusion - Which method is more efficient? 
- How did you know which side corresponded to 

the other? 
- It’s okay to use either scale factor. One method 

is not better than another, it mostly depends on 
what sides are missing. It’s okay, actually 
encouraged, to use both Internal and External 
Scale Factors throughout any problem if it 
makes sense to do so. 

Name of Sequence Corresponding Sides is Common 

Description of Sequence - Use this sequence if you notice a lot of groups 
or students use the Corresponding Sides Point 
of Growth. 

- Conclude the sequencing with Both Scale 
Factors so in the Connect phase you can point 
out that both approaches can be used in one 
problem. 

- It is important to address this Point of Growth 
before the External Scale Factor Productive 
Approach so students who did not align the 
sides properly can discuss the importance of 
doing so. 

A Internal Scale Factor 

Color of Letter Circle Green 
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Question(s) for the Whole Class Can someone tell me if it’s okay to write this as y/x? 
Why or why not? 

Can someone tell me what’s similar and what’s different 
about the two Strategies? 

What would it take to get you to use the Strategy you 
didn’t choose? 

Bridge - I like that we have two different ways of thinking 
about this 

- I wonder if there’s a third way to write the 
equations for these lines. 

C Equation  

Color of Letter Circle Green 

Question(s) for the Group Where did you get these numbers (point to the 1 & 2)? 

How did you know that the number goes next to the x 
and not the y? 

Question(s) for the Whole Class Can someone tell me if it matters if I write the 
coefficient as 4/1 or ¼? Why or why not? 

Which of the three Strategies do we like the most? 
Why? 

Activity Conclusion - How did each Strategy help you to see how 
steep the lines are? 

- Does it matter which Strategy I use to find the 
equations? Why or why not? 

- What would make you choose one Strategy 
over another? 

Name of Sequence Start with y on Top 

Description of Sequence - Use this sequence if a lot of groups set up the 
proportional relationship with y in the numerator 
and x in the denominator.  

- Next, show the x on Top Productive Approach to 
emphasize that both Strategies are valid as long 
as the x and y values line up. 

- Finish with the proportional relationship 
Equations. 
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Grade Level 8 

Unit Number 3 

Lesson Number 1 

Activity Number 3 

Activity Name Moving Twice as Fast 

Learning Goal - Students will recognize that an equation for a 
proportional relationship given by y=kx represents 
the constant of proportionality.  

- Students will create and interpret graphs and 
equations representing and proportional 
relationships in context. 

Image of Student-Facing Activity Refer to the tick-mark diagrams and graph in the earlier 
activity in this lesson when needed. 

1. Imagine a bug that is moving twice as fast as the 
ladybug. On each tick-mark diagram, mark the 
position of this bug. 

2. Plot this bug’s positions on the coordinate axes 
with lines u and v, and connect them with a line. 

3. Write an equation for each of the three lines. 

Name of Strategy x on Top 

Letter of Strategy  A 

Color of Letter Circle Green 
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How did you know where to plot the points? 

Advancing Questions What is the same about the graphs and why? 

What is different about the graphs and why? 

Will these lines ever cross? Why or why not? 

Name of Strategy Table 

Letter of Strategy B 

Color of Letter Circle Green 

Image of Strategy 

 

Helpful Hint This strategy creates a way for students to keep track of 
the data in a Table before they Graph the points or write 
the Equations. 
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Strategy Overview - Draw a Table of values for both scenarios. 
- Use the data from the Table to Graph the points 

on the Cartesian Plane. 
- Either expand the Table or use the Graph to 

answer the questions and write the Equation. 

Relation to Learning Goal - This Strategy allows students to organize the data 
in order to identify the slope and the y-intercept. 

- Students can justify their reasoning based on the 
Table. 

- Students may extend the Table to answer the 
questions. 

Assessing Questions Can you tell me about these points here (point to the 
y-intercepts) and where they came from the table? 

How did you know where to plot the points? 

Advancing Questions What is the same about the graphs and why? 

What is different about the graphs and why? 

Will these lines ever cross? Why or why not? 

Name of Strategy Equations  

Letter of Strategy C 

Color of Letter Circle Green 
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Advancing Questions If he saved $10 per day no matter what, how would the 
graphs need to look? 

Did he start with the same amount of money? (No) How 
would that influence where we have the y-intercept or the 
amount of money he had before saving $10 per day? 

Name of Strategy  Switch Slope and Intercept 

Number of Strategy 2 

Color of Letter Circle Red 

Image of Strategy 

 

Strategy Overview Students may remember the slope intercept form for the 
equation of a line but reverse which number contextually 
represents the slope and which one represents the 
y-intercept. 
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Questions to help get started 
 

 
 

Sequence/Connections 
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Helpful Hint Remember students always have a place to start and 
sometimes we need to listen so we can remind students 
they understand mathematics on some level. 

Questions Let’s start with $10 and $30. What do these mean? 

Do you remember using the equation y=mx+b? Which of 
these numbers is the slope and which one is the 
y-intercept? 

Can you explore what we just talked about and I’ll check 
back with you in a moment? 

Name of Sequence Graph It First 

Description of Sequence - Use this sequence if a lot of groups use a Graph 
to start the problem. This will provide multiple 
points of entry to the conversation for many 
students.  

- Then use the Graph to answer the questions. 
- Finish with using the Graph to write the 

Equations. 
- As groups come up to show the Table and 

Equation Strategies, have them add to the 
Graph Strategy and reference the work already 
on the board. 

- If more students use the Table Strategy, use 
suggested sequence #2. 

A Graph 

Color of Letter Circle Green 

Question(s) for the Group How did you get these points here (point to the 
y-intercept and the first value at one hour)? 

How did you know where to plot the next set of points? 
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- Does it matter which Strategy I use to find the 
equation? Why or why not? 

- What would make you choose one Strategy 
over another? 

Reflection Question(s) - How could I re-sequence the Strategies to help 
students understand the connection between 
the Graph, Table, and Equations? 

- Based on what my students did, how could I 
draw out the connection between the context of 
the problem and which value is the y-intercept 
and which one is the slope? 

- Is there a pattern I noticed when interacting with 
students or when I called on students/groups to 
present? Am I leaving anyone out? 

- Is there anything I did during Monitoring, 
Selecting, Sequencing, or Connecting that I can 
learn from for the next 5Ps activity? 
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